PHYSICAL REVIEW D 111, 034506 (2025)

State preparation of lattice field theories using quantum optimal control
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We explore the application of quantum optimal control (QOC) techniques to state preparation of lattice
field theories on quantum computers. As a first example, we focus on the Schwinger model, quantum
electrodynamics in 1 + 1 dimensions. We demonstrate that QOC can significantly speed up the ground state
preparation compared to gate-based methods, even for models with long-range interactions. Using classical
simulations, we explore the dependence on the interqubit coupling strength and the device connectivity, and
we study the optimization in the presence of noise. While our simulations indicate potential speedups, the
results strongly depend on the device specifications. In addition, we perform exploratory studies on the
preparation of thermal states. Our results motivate further studies of QOC techniques in the context of

quantum simulations for fundamental physics.
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I. INTRODUCTION

Some of the most challenging open problems in funda-
mental physics, such as real-time and nonequilibrium
dynamics, are anticipated to be beyond the capabilities
of classical computing. The rapid advancement of quantum
computing and the development of innovative algorithms
motivate the exploration of quantum simulations to address
these questions. A natural framework for this exploration
is the Hamiltonian approach to quantum field theories
developed by Kogut and Susskind [1], where the theory is
discretized on a spatial lattice, but time remains a con-
tinuous variable. For example, quantum algorithms to
study scattering processes in scalar field theory, which
scale polynomially with simulation parameters, have been
developed in foundational work by Jordan et al. [2,3]. In
recent years, significant progress has been made toward
simulating non-Abelian gauge theories like quantum
chromodynamics (QCD), which describes the strong force
in nature. We refer the reader to Refs. [4-50] for recent
studies along these lines. One of the most challenging
aspects of these algorithms is the preparation of initial states
for the scattering process and, analogously, any correlation
function relevant for describing nonperturbative aspects
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of dynamical processes in fundamental physics. Similar
challenges apply to the preparation of thermal states, which
are crucial for improving our understanding of systems such
as the quark-gluon plasma that can be probed experimen-
tally at high-energy collider experiments. Quantum simu-
lations of relevant lattice field theories are currently limited
by hardware noise. Gate errors and the decoherence of the
quantum hardware constrain the complexity of quantum
circuits that can be reliably executed to prepare states of
lattice field theory and perform the subsequent time
evolution and measurements.

To address these challenges, variational quantum algo-
rithms (VQAs) have been proposed [51-54], which allow
for relatively shallow circuits. This approach employs a
parametrized unitary quantum circuit to prepare the desired
state by optimizing gate parameters with respect to the
expectation value of the Hamiltonian in question. Despite
the considerable success of these algorithms, the coherence
time of near-term quantum devices remains a significant
constraint. For instance, at the time of this study, the
ibm_kyiv quantum computer shows a median two-qubit
gate duration of 561.778 ns. For example, given that the
typical coherence time of IBM’s Eagle quantum processors
is around 100 ps, approximately 200-250 two-qubit gates
can be applied reliably.' This poses a significant limitation
for simulating lattice field theories. Furthermore, variational

'Gate time information for each quantum device has been
presented in IBM Quantum Platform, under Systems.
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algorithms are prone to the problem of vanishing gradients,
known as barren plateaus [55-58]. Additionally, local traps
can hinder an efficient optimization [59].

Once a gate-level circuit instruction is submitted to a
quantum device, it undergoes a series of compilation steps
to convert gate-based instructions into machine language.
During this process, each gate is converted to a series of
predetermined pulse sequences designed to realize the gate
and achieve a specific fidelity. In recent years, quantum
optimal control (QOC) techniques have been proposed to
mitigate this overhead by enabling a gate-free state
preparation [60]. This approach operates directly at the
level of hardware-specific pulses that are optimized to
prepare an approximate unitary to prepare the desired state.
This Al-driven workflow has been successfully applied
to finding molecular ground states in several recent
studies [60-73]. QOC optimizes control parameters of
the device Hamiltonian using a series of time-dependent
pulses and evolving the Hamiltonian for a specific duration.
The minimum time required to achieve the ground state with
the desired accuracy is known as the minimum evolution
time (MET) [63] or the quantum speed limit [74]. Once the
MET is achieved or closely approximated, QOC landscapes
are free from local minima, which can be a significant
advantage compared to gate-based VQAs [75].

In this study, we aim to demonstrate that QOC can
significantly reduce the time required for the ground state
preparation of lattice field theories on superconducting
quantum devices. To the best of our knowledge, QOC
techniques have not been explored in this context before.
Specifically, we will focus on the Schwinger model [76,77],
a U(1) gauge theory coupled to fermionic matter, corre-
sponding to quantum electrodynamics in 1 + 1 dimensions.
The Schwinger model is frequently studied because of its
similarities with QCD, including confinement and chiral
symmetry breaking. It can be expressed purely in terms of
fermionic degrees of freedom with an asymmetric long-
range interaction. Generally, the main challenge of QOC
techniques is the scalability of optimizing pulse sequences
for a large number of qubits. For confining lattice field
theories like the Schwinger model, the correlation between
fermions decays exponentially due to the screening of
electric charges. This indicates that the pulse-level optimi-
zation only needs to be carried out for a certain number of
qubits. As demonstrated in recent work for the Schwinger
model with more than 100 qubits [22,49], a truncation of
the interaction between fermions at long distances allows
for state preparation using scalable variational algorithms.
While we leave the exploration of the design of scalable
algorithms at the pulse level for future work, these results
indicate that a scalable approach may also be achievable
using QOC techniques while allowing for reduced coher-
ence-time requirements. Additionally, we extend our studies
in this work to the preparation of thermal states of the
Schwinger model. Thermal states are described by a density
matrix, making their preparation challenging using quantum

computers. We employ an approach based on two varia-
tional Anscitze with an intermediate measurement, which is
optimized by minimizing the free energy. Using gate-level
optimization, this algorithm was proposed in Ref. [78],
which we extend in this work by using QOC techniques.

The remainder of this paper is organized as follows. In
Sec. II, we will review the Hamiltonian formulation of the
Schwinger model, which is the exemplary lattice field
theory considered throughout this work. In Sec. III, we will
introduce the QOC Ansatz for the state preparation based
on the pulse-level control of a transmon Hamiltonian. In
Sec. IV, we will discuss the optimization algorithm, present
numerical results for the ground state preparation of the
Schwinger model, and explore hardware constraints such as
the dependence on device parameters and noise. We extend
these calculations to prepare thermal states using a QOC
Ansatz in Sec. V. We conclude and present an outlook
in Sec. VL

II. THE SCHWINGER MODEL

The Lagrangian of the massive Schwinger model,
quantum electrodynamics in 1 4 1 dimensions, with a
topological O-term is given by

et
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Here, y denotes a two-component fermion field with mass
m. The field strength tensor can be written in terms of the U
(1) gauge field as F,, = d,A, —d,A,, and the covariant
derivative is given by D, = 9, — eA,,, where e is the electric
charge. Moreover, @ is the topological angle and ¢, is an
asymmetric tensor. Using the axial gauge with Ay =0,
staggered fermions, and a Jordan-Wigner transformation,
the Schwinger model can be discretized on a spatial lattice
[1]. In 1+ 1 dimensions, the U(1) gauge field is not a
dynamical degree of freedom and is fully constrained by
Gauss’s law. Therefore, the gauge field can be replaced with
an asymmetric long-range interaction such that the entire
Hamiltonian can be written as a spin model [79,80]. Using
open boundary conditions and a vanishing electric back-
ground field, we can write the Hamiltonian as

H=H,,+H. +H,. (2)
The first term contains the asymmetric all-to-all ZZ inter-
action of the spins. It is given by

(3)

N-2 1
m

HZZ :gz z_: (N_n)Zme

=1 n=m+1

Here, N is the total number of lattice sites or qubits
and J = e?a/2, where a is the lattice spacing. The second
term in Eq. (2) is a hopping term between neighboring
lattice sites
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FIG. 1. Schematic illustration of the on-site, nearest-neighbor,
and long-range interactions of the Schwinger model expressed as
a spin model for N = 6 lattice sites.

N](
n=1

Finally, the third term of the Hamiltonian is given by

N-1
:—cosé’z "z, —ZZ n mod 2) ZZ]
=1

We refer the reader to Refs. [30,80] for more details. Figure 1
presents a schematic representation of Egs. (3), (4), and (5),
illustrating the effects and coverage of each term on the
lattice.
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III. QUANTUM OPTIMAL CONTROL

Throughout this work, we consider supercondu-
cting qubits, which can be modeled with a transmon
Hamiltonian [81,82]. We split the Hamiltonian into a
time-independent device and a time-dependent control
Hamiltonian. The first part describes the physics of a
set of coupled anharmonic oscillators and can be written as

Here, w; represents the transition frequency between the
|0) and |1) states of the ith qubit, §; denotes its anharmo-
nicity that leads to a different level spacing of the states
|n > 2), and g;; is the constant coupling rate between the
ith and jth qubit. The sum of the last term in Eq. (6) runs
over pairs of coupled qubits of a given device, which will
be discussed in more detail below. The operators at,a
are raising and lowering operators, respectively, which
satisfy the commutation relation [a,a'] = 1. Within the
rotating wave approximation, the time-dependent control
Hamiltonian is given by

=Y Qun(emia+etial). ()

Here, Q;(#) is the time-dependent amplitude, and v; is
the drive frequency, of the ith qubit. Combining these
equations yields the total optimal control Hamiltonian,
Hoc(Q,v,1) = Hy, + He(t). Here, we denote the set of
amplitudes and frequencies by €, v, respectively. Note
that Eq. (7) involves a sum over Hamiltonians acting on
single qubits. Therefore, multiqubit operations are achieved
through the interqubit coupling term in Eq. (6). Depending
on the device, the parameters in Eq. (6) may also be tunable
within device-dependent constraints. However, in this study,
we will assume that the device Hamiltonian in Eq. (6) is
fixed. Any gate operation that can be realized with a
quantum computer can be constructed by applying suitably
chosen pulses defined in terms of the parameters €, v. In the
next section, we will instead directly prepare the ground
state of the Schwinger model by adjusting the parameters of
the control Hamiltonian, which enables a gate-free state
preparation.

The time evolution of the state is governed by the time-
dependent Schrodinger equation

d A
3 [¥(0) = ~ifloc(@.v.0)¥(). (8)

Its solution, which corresponds to the variational pulse-
level Ansatz employed in the next section, is given by

|W(Q.v)) =7 exp |:—i/)Tdt[:IOC(Q,V, t)] lP). (9)

U(Q.v)

Here, 7 denotes the time ordering operator, T is the total
pulse duration, and |¢p) = |¢;) - - - |¢y) denotes the initial
state of the N qubits. We will either start with all qubits in
the |0) state or apply Pauli-X gates to some of the qubits.
The amplitudes and frequencies €2, v are the parameters of
the Ansatz and will be optimized for a given objective
function. In the following, we will refer to the unitary gate
U(Q,v) as the QOC Ansatz.

Figure 2 shows a schematic illustration of the QOC
Ansatz, where each colored pulse sequence is applied to a
different qubit with initial state |¢;). Each panel shows the
amplitude Q;(7) as a function of time for a given qubit.

IV. GROUND STATE PREPARATION WITH QOC

In this section, we describe the ground state preparation
of the Schwinger model using the QOC Ansatz described
above. Using classical simulations, we quantify the poten-
tial speedup using pulse-level optimization and the leakage
to higher states, and we explore the dependence on device
parameters and noise.

A. Optimization algorithm

Before discussing the pulse-based variational state
preparation, we briefly describe the gate-based approach.
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FIG. 2. Schematic representation of the QOC Ansatz.
Each colored distribution represents the time-dependent pulse
sequence applied to the corresponding qubit.

VQAs involve a unitary operator that consists of a sequence
of parametrized gates, which we denote by U(®). Here, ©
denotes the trainable parameters of the Ansatz. To prepare
the ground state of a given Hamiltonian H, these param-
eters are optimized with respect to the Hamiltonian expect-
ation value

mm<o®N|m (©)H U(0) |o®N>.

i (10)

Here, we start with all qubits in the |0) state. Once
optimized, the Hamiltonian is approximately diagonalized
by U(®), yielding a ground state estimation U(®)|0®N).

For the state preparation using QOC, the unitary operator
U(®) in Eq. (10) is replaced by the pulse-level Ansatz
U(Q.v) given in Eq. (9). The pulse amplitudes Q and
frequencies v are optimized to approximate the ground state

rggl(lp(g, V)| HP(Q,V)). (11)

We apply n pulses to each qubit i with amplitude Q; € Q
and phase v; € v. We parametrize the amplitudes €;(¢) for
each qubit as a piecewise constant function with n segments

Qi,lv
Qi,zv

for ¢ < tl?

for nh< tﬁ[z,

(1) = (12)

Q;,, fort, | <t<t,

Here, t, = T is the predetermined total pulse duration.
Note that Ar = 1, — t,_; = T/n s highly dependent on the

TABLE I. Parameters of the four transmon qubits used for our
simulations given in angular frequencies, with units in gigahertz.
i 1 2 3 4

w;/2n 4.808 4.833 4.940 4.796
6;/2n 0.310 0.292 0.330 0.262

TABLEIL  Interqubit coupling strengths g;;/2x for the nearest-
neighbor and the all-to-all coupling architecture in MHz.

Nearest neighbor

1 <2 2«3 3«4
18.3 21.3 19.3
All to all
12 1< 3 14 2+ 3 24 34
18.3 21.3 19.3 20.3 18.3 21.3

pulse resolution of the quantum device. We also consid-
ered variable pulse durations but observed undesirable
outcomes, likely due to overparametrization. Instead, we
obtain the minimum pulse duration using a search algo-
rithm, which iteratively increases the pulse duration until
the optimal duration is achieved. The pulse amplitudes are
constrained to Q; € 2z X [—20, 20] MHz, and each qubit’s
drive frequency is allowed to deviate from the transition
frequency between the |0) and |1) state, @;, by a maximum
of 27 x 1 GHz, see for instance Ref. [70]. We define this
difference as Av; = w; — v;. The values of w; and §; used
for our simulations are provided in Table I. Additionally,
the interqubit coupling values for the nearest-neighbor
(all-to-all) architecture are provided in the top (bottom)
part of Table 1.7 We explore both topologies below.

We carry out the classical simulations using the PennyLane
package (version 0.35.1) [84] and JAX (version 0.4.23) [85],
with custom extensions for higher-dimensional states dur-
ing the evolution of Eq. (9). For each qubit, we use 100
pulse segments (unless stated otherwise), resulting in n + 1
trainable parameters per qubit, which includes the time-
independent phase. Both pulse amplitudes and frequencies
were optimized within the aforementioned limits.> The
gradient-based optimization was performed using SciPy
(version 1.10.0) [86] with the L-BFGS-B algorithm.
While we limit ourselves in this work to simulations where
the gradient is obtained through differentiable program-
ming, we note that the gradients of pulse programs can be
obtained using stochastic parameter shift rules and analytic
methods [87-89].

A one-to-one comparison between gate-based and
QOC-based Ansdtze is challenging due to the multitude
of gate-based constructions available. To provide two
opposite ends of the spectrum, we will compare QOC
to both the Hamiltonian-based Ansatz [90] and the strongly
entangling layer [91]. The Hamiltonian-based Ansatz

involves exponentiating the target Hamiltonian e~ by

*The values in Tables T and II are taken from Ref. [60] and
referenced in the ctrl-vQE package [83], with commit ID 7df76db.

*We used square pulses as shown in Fig. 2. We also tested
flattop Gaussian pulses, but their amplitude gradients were on the
order of O(1077), hindering an effective optimization.
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performing a Trotter decomposition [92,93]. We can write
the Hamiltonian as H = i H j» where each term is
given by a coefficient multiplied by a Pauli string
{1,X,Y, Z}®dim[m. A first-order Trotter decomposition
can be written as

e—iBI:I ~ He—iGI:I/-’ (13)
J

where the error depends on the noncommuting terms of the
Hamiltonian and the value of 6. Each factor of the
Trotterized formula can be mapped exactly to elementary
quantum gates [93]. For the Hamiltonian-based Ansatz,
different trainable parameters are used in Eq. (13), and
multiple layers can be combined to increase the expres-
sibility of the Ansatz. The second Ansatz we consider as a
reference is built from strongly entangling layers. Here,
each qubit is initiated with three consecutive Pauli rotation
gates, R;(0,)Ry(6,)R,(0;). This is followed by controlled
NOT (CNOT) gates that connect every neighboring qubit.

We note that, throughout this paper, we compare the
QOC approach exclusively to two specific gate-based
Ansdtze. Depending on the complexity of the model,
gate-based Ansdtze may require multiple layers to achieve
the desired accuracy. Given the wide variety of available
circuit designs, we restrict our comparison to a single layer
of these chosen Ansdtze. This approach minimizes bias
arising from the selection of circuit design and the chal-
lenges associated with the optimization procedure.

Furthermore, we would like to stress that the QOC
algorithm inherently allows for significantly more trainable
parameters compared to gate-based approaches, owing to
its scalability. However, the large number of variational
parameters can pose significant challenges for optimization
algorithms, potentially leading to an increased classical
computational overhead due to the additional number of
steps required to minimize the loss function. We leave the
exploration of this aspect for future work.

B. Numerical results

To assess the feasibility of using the variational QOC
Ansatz for the state preparation of lattice field theories, we
start by considering the Schwinger model with a topologi-
cal term described in Sec. II. Due to the complexity
inherent in certain Hamiltonians, deep variational circuits
may be required to find the ground state accurately. By
enabling lower-level control of the quantum device, QOC
allows for more efficient Ansdtze, resulting in shorter pulse
durations and reduced coherence-time requirements. For
the Schwinger model, part of the difficulty arises due to the
long-range interaction in Eq. (3) that necessitates SWAP
gates if the device’s connectivity is limited. The ground
state of the Schwinger model can be particularly challeng-
ing as it is given by a superposition of alternating fermion
spin configurations.

As a first step, we variationally prepare the ground state
of the three-site or three-qubit Schwinger model using the
QOC Ansatz described above. We choose exemplary values
for the fermion mass m = 0.5, the lattice spacing a = 0.1,
the topological angle @ = 0.5, and the electric charge
e = 0.2. The three-qubit Schwinger model serves as an
ideal initial test bed as it still captures essential features of
the Schwinger model. In particular, its ground state is a
superposition of multiple states. Using exact diagonaliza-
tion, we find that the ground state is given by a super-
position of three states

W3_ge) = 0.223]001) + 0.531]010) + 0.246]100).  (14)

Using the QOC specifications detailed in Sec. IV, we
optimize the pulses applied to the three qubits using the
nearest-neighbor qubit architecture. Throughout this work,
we will refer to the minimum pulse duration or MET as the
minimum time at which the solution can be reached with
the desired accuracy using the search algorithm described
above. For the three-site case, we obtained a MET of
53.0 £ 0.5 ns, where the error indicates the resolution of the
search algorithm. Figure 3 shows the pulse amplitudes Q;(¢)
and frequency deviations Av; for each qubit. The left panels
show the result when the infinite-dimensional Hilbert space
of the coupled anharmonic oscillators in Egs. (6) and (7)
are truncated to two levels, i.e., only the states |0) and |1)
are included. Instead, the right panels show the four-level
truncation results where the states [2) and |3) are also
included, which we describe in more detail below. The
panels show the pulse sequence applied to each of the three
qubits. The pulse shapes predominantly exhibit a so-called
bang-bang form where the constrained control parameters
saturate their bounds. This is consistent with the findings in
optimal control theory, indicating that the variationally
obtained pulses closely approximate the optimal solution.
We refer the reader to Refs. [63,70,94-98] for more details.
For both the two- and four-level systems, we achieve a
ground state energy that differs from the result using exact
diagonalization AE = ||Eyyh — Ereco|| by less than 1073
Notably, we were only able to achieve this short pulse
duration when the qubits were initialized in the mass
eigenstate of the Schwinger model, which is given by
|010). Applying a Pauli-X gate to one of the qubits takes
approximately an additional 71 ns for our setup. Therefore,
the total time to prepare the ground state of the three-site
Schwinger model is 124 ns.

In order to compare the achieved MET to gate-level
approaches, we consider the two gate-level variational
approaches described above. Constructing a single-layer
Hamiltonian-based Ansatz for the three-site Schwinger
model requires 34 gates, with a circuit depth of 24,
including 10 cNoTr gates. Depending on the quantum
hardware, native two-qubit gates include, for example,
CNOT, controlled-Z, or echo cross resonance (ECR) gates.
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FIG. 3. The left panels display the optimal pulse sequence obtained for a three-qubit Schwinger model where the transmon qubit is
approximated as a two-level system. Each panel, from top to bottom, shows the pulse amplitude as a function of the pulse duration for
each qubit. Additionally, changes in frequency are indicated at the top of each panel. The right panels show the same, but for the case
where the transmon qubits are approximated as a four-level system. The results were obtained by initializing the circuit in the |010) state,

and for both approaches, we found the MET to be 53 ns.

The device parameters in Tables I and II are representative
values for IBM’s Falcon processors taken from Ref. [60]
where the ctl-VQE approach was introduced. In this case,
CNOTs are the native two-qubit gates. As a representative
value for the CNOT gate time, we assume 400 and 71 ns for
single-qubit gates. A back-of-the-envelope calculation
yields an execution time of 7 ps for a single Trotter step
layer. This corresponds to a 40x speed up when using
the QOC Ansatz. In contrast, a strongly entangling layer
requires 12 gates with a depth of 6, including 3 CNOT gates.
Executing such a circuit requires 2 ps, corresponding to a
QOC speedup of 11x. These rough comparisons indicate
significantly reduced coherence-time requirements when
using the QOC Ansatz.

As mentioned above, the right panels of Fig. 3 show the
result when we allow for leakage to higher-level states in
the simulation. While leakage can occur during the evo-
lution, the measurement is only sensitive to the lowest two
states. We observed that no leakage occurs to the state |3),
ensuring that no information is lost due to yet higher states
that are not included in our simulation. We also note that the
authors of Ref. [63] observed a shorter pulse duration when
leakage to higher states is allowed at the end of the pulse
sequence. If a higher-level state is obtained, it is discarded
and compensated for by increasing the number of shots. We
observed similar results, but the reconstruction accuracy
degraded in our case. This is likely due to the fact that the
ground state here is given by a superposition of three states
with roughly equal weights, see Eq. (14). Figure 4 shows

the probability for the different stages during the evolution
for the two- and four-level truncation of the transmon
Hamiltonian. While we observe a different path when
leakage is included in our simulation, we are able to
successfully reconstruct the ground state in Eq. (14) in
both cases. Both simulations have the same total pulse
duration, consistent with the findings in Ref. [63] when
leakage only occurs during the evolution but not at the final
time 7. We observe a leakage of at most 30% to the state
|200) between 5 and 40 ns (purple line in the right panel)
and 5% leakage to |020) (green line in the right panel) for
the same time interval. The leakage to both of these states
subsides toward the end of the evolution, and we do not
observe any leakage to the highest state |3).

Next, we turn to the simulation of the four-site
Schwinger model. The asymmetric long-range interaction
in Eq. (3) only starts contributing to four sites, making the
ground state preparation more challenging for both gate
and pulse-level optimization. Using exact diagonalization,
we find that the ground state is given by a superposition of
six states

Wy _e) = 0.055/0011) + 0.299|0101) + 0.202|0110)
+0.202/1001) 4 0.205/1010) + 0.038|1100).

(15)

To illustrate the additional challenge due to the long-range
interaction, we note that implementing a single Trotter step
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(a) Probability of each state with at least 10% maximum probability for the optimal pulse sequence shown in Fig. 3, left panels.

(b) Same as (a) but for the four-level approximation of the transmon qubits, corresponding to the right panels of Fig. 3. (a) Two-level

system. (b) Four-level system.

for the four-site Schwinger model requires 55 different
gates, and only a subset of these can be executed in parallel.
Figure 5 shows the quantum circuit needed to perform a
single Trotter step of the Schwinger model. Note that,
although Fig. 5(a) includes only nearest-neighbor interqu-
bit couplings, Fig. 5(b) includes two CNOT gates that
connect the first and third qubit requiring two additional
SWAP gates to rearrange the qubits. Assuming again 400 ns
for the cNOT gate time and 71 ns for single-qubit gates,
excluding the SWAP gates, the circuit shown in Fig. 5 takes
approximately 7.9 ps to execute.

We compare this result to the QOC-based ground state
preparation using the nearest-neighbor and all-to-all qubit
architectures. Given the long-range interaction term, we
expect the difference between the two architectures to be
particularly pronounced for the four-site Schwinger model.
Figure 6 shows the leakage to higher-level states as a
percentage for each site or qubit (colored solid lines) as well
as the total leakage (dashed black line) as a function of the
pulse duration. The two panels show the result for the two-
qubit architectures with nearest-neighbor [Fig. 6(a)] and all-
to-all [Fig. 6(b)] connectivity. In both cases, we achieved an

FIG. 5.

(b)

Gate-based representation of a single Trotter step of the four-site Schwinger model. The rotation of each R, gate depends on

the parameters in the Hamiltonian and Trotter step size. (a) First half. (b) Second half.
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FIG. 6. Leakage to higher-level states for different qubit architectures. The solid lines show the leakage for each qubit where red, blue,
green, and purple correspond to the first, second, third, and fourth qubit. The dashed black line shows the total leakage. (a) Nearest-
neighbor coupled qubit architecture, MET 181 ns. (b) All-to-all connected qubit architecture, MET 101 ns.

inaccuracy of AE < O(1073). The obtained MET values for
the two architectures are given by 181 ns with only nearest-
neighbor couplings and 101 ns for the all-to-all architecture.
Using the QOC Ansatz, we find a speedup of 43x compared
to a single layer of a Hamiltonian-based Ansatz or Trotter
step for the nearest-neighbor architecture. The speedup is
even more significant for the all-to-all architecture, where
the obtained speedup increases by yet another factor of more
than 2. This is consistent with the expectation that the long-
range interaction allows for significant gains using QOC.
We note that for the QOC-based ground state preparation,
we initialized the qubits again in the mass eigenstate of the
Schwinger model |0101). Preparing this state requires two
Pauli-X gates, which are taken into account for the assess-
ment of the achieved improvement. In both simulations,
we observed less than 15% leakage in any of the qubits.
Although our leakage estimation includes both the states |2)
and |3) for each qubit, we did not observe any leakage to
the |3) states. This limited leakage is due to the combina-
tion of the magnitude of anharmonicity in the transmon
Hamiltonian (see Table II) and the constraints on the pulse
amplitude, which does not provide enough energy for the
state to leak into the state |3).

C. Algorithmic constraints

Gate-based VQAs often suffer from vanishing gradients,
known as barren plateaus [55,56] and local traps [59]. This

can limit the scalability of the variational algorithm in terms
of both the number of qubits and the depth of the circuit. In
analogy to the gate-based approach, we assess potential
limitations of the QOC setup by considering the variance of
the expectation value of the Schwinger model Hamiltonian
for different pulse durations and numbers of sites. Figure 7
shows the change in variance with respect to both of these
parameters.

For this estimation, we fixed the number of pulse
segments to 100 per qubit and sampled both the qubit

200.0
= 1575
S
£ 1150 10t
< =
g 7125 -
=
o-‘ -
30.0 107
Number of s1tes
FIG.7. Change in the variance of expectation value with respect

to pulse duration and number of sites. The variance has been
estimated by initiating the circuit with randomly sampled 100
parameters Q,v e 6.
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FIG. 8. Scan of the achieved MET as a function of the interqubit
coupling strength g;; of the transmon Hamiltonian, see Eq. (6),
for the nearest-neighbor architecture. The upper panel shows the
obtained MET values for the three-site Schwinger model, while
the lower panel shows the MET values for the two-site case. The
black markers show the results obtained from QOC, along with
the optimization error. The solid lines represent the best fit to the
mean QOC results, and the shaded area represents the error of
the fit. The circuits in the upper (lower) panel are initialized as
010) (|10)).

amplitudes and phases from a uniform distribution within
the constraints stated in Sec. I'V. Each grid point shows the
variance for 100 independent samples, and the number of
parameters scales as N x 101, where N is the number of
qubits. We observe that larger pulse resolutions lead to
larger values of the variance, indicating that we do not
obtain a flat loss function for the system sizes that we were
able to explore. Interestingly, we also observe that the
variance increases as the number of qubits is increased.
This suggests a favorable landscape for the optimization
even for a large number of qubits. We conclude that the
QOC Ansatz allows for a relatively large number of
parameters, which increases the expressibility of the
Ansatz. However, it is essential to note that this may also
lead to overparametrization, which needs to be explored in
more detail in future work. Currently, extending our
studies to a larger number of qubits is limited by our
computing resources.

D. Hardware constraints

Beyond the architecture and ability to control the trans-
mon Hamiltonian, the strength of the interqubit interaction
significantly impacts the efficiency of the variational algo-
rithms. To estimate the effect of the interqubit coupling
strength in the transmon Hamiltonian, g;; in Eq. (6), we fix
w; and o; to the values presented in Table I. We then
determine the MET for different values of g;; for the two-
and three-site Schwinger models, as depicted in Fig. 8.

The lower panel of Fig. 8 shows the results for the two-
qubit QOC Ansatz. Here, the black markers represent the
mean of ten different results, and the error bars indicate the
square root of the optimization variance, i.e., the standard
deviation of ten successive results and scan resolution to
find the MET. The solid red curve and the shaded area
around it represent the best fit and its error. Similarly, the
upper panel displays the same for the three-site Schwinger
model. For the estimation of the MET, we required each
successful point to achieve AE < O(107%). As before,
each point was executed for an initial state prepared in the
mass eigenstate of the Schwinger model. This additional
time of 71 ns is not included in the figure as it is only a
constant offset.

Our results indicate that an exponential improvement
of the MET can be achieved over a certain range of the
interqubit coupling strength. This improvement becomes
more pronounced with larger system sizes. We observe
much sharper gradient values for our best-fit curve for the
three-qubit compared to the two-qubit results. Additionally,
the optimization error steadily increases with the decrease
in coupling strength. However, eventually, the improve-
ments reach a plateau, as can be seen in the upper panel
of Fig. 8.

Next, we will investigate the MET values that may be
achieved with the currently publicly available devices from
IBM. Unlike the Falcon devices above, the native two-qubit
operations on these Eagle processors are ECR gates. For the
time estimates presented in this section, we account for the
conversion of ECR to CNOT gates. We use the parameter
values of the transmon Hamiltonian that are provided for
ibm_osaka, which are listed in Table III. Although the w;
and ¢; values are similar to our previous simulations, the
interqubit coupling strength is roughly an order of magni-
tude smaller compared to the values listed in Table II. We
initiated the MET search scan for the two-qubit Schwinger

TABLE III. Transmon Hamiltonian parameter values of the publicly available IBM quantum devices.

ibm_osaka ibm brisbane ibm sherbrooke ibm kyoto
i 1 2 1 1 2 1 2
w; /27 (GHz) 49717 4.928 4.878 4.970 4.792 4.893 5.063 4.856
6;/2% (GHz) 0.309 0.310 0.312 0.310 0.313 0.313 0.308 0
91.2/27x (MHz) 2.03 2.03 2.00 2.31
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model for ten different instances and only accepted
AE < O(1073). Our simulation converged to

METibm_osaka 8827+ 5-5resoluti0n + 8-7SEMnS'

The uncertainty indicates the optimization error and the
scan resolution, which is reported along with the standard
error of the mean (SEM). Note that we assumed a pulse
resolution of 2.21 = 0.07 ns for this simulation, and device
noise has not been considered.

At the gate level, a single layer of a Hamiltonian-based
Ansatz for the two-site Schwinger model includes 12 single-
qubit gates, of which only seven cannot be executed in
parallel, and 4 cNOT gates. The time to execute a two-qubit
gate takes 660 ns, whereas a single-qubit gate takes 71 ns to
execute on ibm osaka according to the IBM Quantum
System information Web page. Therefore, a single Trotter
step would take around 3.14 ps. This indicates a 4.2 4= 0.1x
improvement using QOC techniques, including the initial
state preparation. For such a small system, it is also possible
to use a single strongly entangling layer [91] to find the
ground state. This includes six single-qubit gates, with three
that cannot be executed in parallel, and 2 CNOT gates,
bringing the total duration of the layer to 1.53 ps. This
indicates a 1.61 £ 0.05x improvement, including the initial
state preparation for the QOC Ansarz. We note that this
result also reveals the naivete of our best fit shown in Fig. 8,
where we estimate the MET for ibm osaka to be around
65 ns. Even though the values for @; and 6; are comparable
to the actual device in Table III, this result shows that the
growth in MET with respect to the reduction in coupling
strength is higher than estimated in Fig. 8.

We also tested the QOC algorithm using the parameters
provided for ibm brisbane and ibm sherbrooke.
Due to the significantly longer simulation time, we present
our results for nine and five points, respectively. For these
devices, we observed a substantially longer pulse duration
to achieve the same order of accuracy for the ground state
energy,

MET; :

ibm_brisbane *

1.88 £ 0.01 uqgiution == 019y 1S

with a pulse resolution of 4.69 £ 1.48 ns and
METibm_sherbrooke HWRE= O-Olresolution + 0-16SEM Hs

with a pulse resolution of 4.33 + 0.89 ns. We note that due
to limitations in computational time, the statistical power
for determining the uncertainties for ibm sherbrooke
is less than the other estimations. We estimate the improve-
ment for ibm brisbane (ibm_ sherbrooke) com-
pared to a single Trotter step as 2.0 £ 0.5x (2.1 +0.3%)
and 1.0 £ 0.2x (1.0 £ 0.27x) for a single strongly entan-
gling layer. For ibm sherbrooke, the median ECR gate

execution time is 533.33 ns, which is reflected in our
estimations. We note that a quantitative comparison
between pulse- and gate-level optimization is challenging
since various aspects of the quantum hardware platforms
can play an important role that may not be fully accounted
for in our studies. That being said, we observe that the
interqubit coupling strength, the complexity of the ground
state, and the number of qubits play an important role.
Moreover, further improvements may be obtained using an
additional two-qubit drive Hamiltonian as proposed in
Ref. [73]. We leave more detailed studies, as well as
quantum hardware simulations, for future work. As a first
step toward simulations using quantum hardware, we will
explore the optimization in the presence of noise in the
following subsection.

E. Optimization in the presence of noise

Beyond hardware constraints, such as the interqubit
coupling strength, examining the effect of hardware noise
on the optimization outcome is essential. Variational
algorithms are usually resilient to noise as they can learn
the structure of the noise during training [99-101].

To assess the resilience of the QOC Ansatz to noise, we
employ Qiskit (version 1.0.2) [102] and QiskitDynamics (version 0.5.1)
[103]. Although we use the same Hamiltonian in Egs. (6)
and (7) to describe the coupled transmon qubits, we
account for decoherence effects due to hardware noise
by using a Lindblad or Gorini—-Kossakowski—Sudarshan—
Lindblad (GKSL) equation [104—108], which is given by

dp

dr = —i[ﬁloc(ﬂ, v.1),p]

(16)

—I—Z <2i‘ipi‘j - {ijinp}) (17)

The Lindblad equation describes the Markovian time
evolution of the transmon qubits, an open quantum system
in the limit of a sufficiently weak coupling to the envi-
ronment. The first part of Eq. (16) is the time-dependent
Liouville-von Neumann equation. It is analogous to the
Schrodinger equation in Eq. (8), but the time evolution is
written in terms of the density matrix p = |¥(7))(¥(z)|.
The second part, Eq. (17), extends the time-dependent
Schrodinger equation to include the Lindblad operators L.
We account for amplitude damping, which is described by
L= VTia and dephasing which corresponds to the
operator L, = VvT,a'a [109]. Here, T is the rate of the
state collapse due to damping or dephasing. For further
details, we refer the reader to Ref. [110].4 Gate-to-pulse
miscalibration has also been taken into account in our noise

*Similar tutorials can be found in the QiskitDynamics documen-
tation v0.5.1 [111].
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FIG. 9. The ground state energy as a function of the topological
angle, plotted for exact diagonalization (solid blue line), noiseless
simulation (green markers), and noisy simulation (red markers)
where the error bars represent the standard deviation. The

simulation was carried out for the specification of ibm_kyoto,
see Table III.

estimation.” Note that for simplicity, we avoid the use of
additional optimizable two-qubit control terms in the
transmon Hamiltonian. These enable the drive of a qubit
at a rate that is proportional to the adjacent qubit frequency
[73]. Such terms might reduce the sensitivity of the QOC to
different initial states. We leave more detailed studies for
future work.

For this analysis, we employ the parametrization pro-
vided for ibm kyoto, given in Table III. The correspond-
ing state collapse rates can be found on the IBM Systems
website. At the time of this analysis, 1/T";, for the first
(second) qubit was given as 203.4 and 25.8 ps (171.9 and
77.6 ps), respectively.

To enhance the convergence rate of the optimization
algorithm, we use individual phases for each pulse ampli-
tude and limit the number of pulses to 70. This results in a
total of 280 trainable parameters for a two-qubit system.
Due to computational complexity, we limited the total pulse
duration to 70 ns, and the initial state is set to |00). We ran
our algorithm to find the ground state of the two-site
Schwinger Hamiltonian with a lattice spacing of a = 0.5
and four different values for the topological angle 6.

Figure 9 shows our results for the ground state energy as
a function of the 0 angle. The blue curve shows the results
using exact diagonalization, the green markers show the
optimization results without noise [i.e., without Eq. (17)],
and the red markers show the results with noise. The error
on each marker represents the standard deviation for 8192
shots. Our results show that the deviation due to noise
is minimal. The overall deviation from the blue curve is
due to the relation between the initial state and the fixed

SFor details, we refer the reader to [112] on Pauli measure-
ments and [113] for gate calibration.

pulse duration. We did not attempt to find the optimal
pulse duration to achieve a high reconstruction rate.
Nonetheless, we achieved an inaccuracy of approximately
AE « O(1072) with and without noise.

V. THERMAL STATE PREPARATION WITH QOC

In addition to preparing the vacuum ground state, we
extend the QOC approach to finite temperatures and explore
the preparation of thermal states of the Schwinger model.
Different from the vacuum ground state, which involves a
superposition of different pure states, the thermal state is
described by an ensemble of states. It is described by the
density matrix

e PH
= St

where f is the inverse temperature, and the denominator is
the canonical partition function.

(18)

A. Optimization algorithm

To variationally prepare the thermal state, we will
employ a pulse-level version of the variational quantum
thermalizer (VQT) algorithm proposed in Ref. [78]. To the
best of our knowledge, this is the first application of QOC
techniques to thermal state preparation. The algorithm
splits the learning process into two variational circuits
where the first circuit (VQC,) is dedicated to learning the
probability distribution of each pure state within the
ensemble, and the second circuit (VQC,) learns the energy
of the ensemble. With this information, the free energy
F = E — S§/p is calculated, and the variational parameters
are optimized to minimize F. Here S is the entropy of the
system, and E is the energy. This allows us to sample from
the equilibrium state at a fixed inverse temperature f.
Example applications of the gate-based version of this
algorithm can be found in Refs. [48,114,115].

We denote the unitary operators corresponding to VQC; ,
by U 12(®1,) where ©;, are the two sets of variational
parameters. For a given set of variational parameters, the
entropy of the system is estimated using the Shannon
entropy

S==> pilogp;, (19)

which is an approximation of the von Neumann entropy.
Here, p; represents the probability of each pure state |¢;)
estimated by VQC,, |(¢:|U,(©,)[0)||%. Once the proba-
bility distribution is obtained from VQC,;, we compute the
total energy of the ensemble as

EZp

| U5(0,)H U, (0,)|6:), (20)
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FIG. 10. Schematic representation of the pulse-level VQT algorithm. The left block shows the first variational circuit (VQC;), where
the intermediate measurement in the computational basis is used to determine the entropy of the system. The right block takes the
intermediate measurement as the initial state, and the output of the second variational circuit (VQC,) is used to determine the energy of

the ensemble.

where {Q,,v;,} €0;,. Figure 10 shows a schematic
representation of the algorithm. Notice that, compared to the
algorithm in Ref. [78], the gates have been replaced by QOC
components, where different colored pulses are used for
VQC] and VQCZ

B. Numerical results

For simplicity, we fix the pulse duration of each circuit to
50 ns but with independent sets of parameters. We employ
the same pulse setup as discussed in Sec. I'V. That is, each
qubit pulse consists of 100 independent segments and one
phase difference that are optimized within the same control
constraints. We study the ability of this algorithm to
minimize the free energy of the two-site Schwinger model,
where we estimate the optimization error by executing the
optimization sequence for 20 independent initializations.
Figure 11 shows the results of the optimization process
(black markers) compared to results using exact diagonal-
ization (red line). The plot is divided into three panels,
where the top panel shows the free energy as a function of
p, which is the cost function for the optimization. The
middle panel shows the energy estimation of the ensemble,
and the lower panel shows the entropy estimation. We find
the uncertainties to be rather small, providing a reliable and
flexible optimization platform, which motivates more
detailed investigations in future work.

To minimize the number of hyperparameters, we use a
pulse duration of 50 ns for both VQC; and VQC,.
However, it is possible to choose a significantly shorter
pulse duration VQC;. The reason for choosing the same for
both is due to the optimization landscape. While estimating
the ground states of the same Hamiltonian, we found the
shortest pulse duration to be around 30 ns for the initial
state |10). However, this increases to a maximum of 50 ns

> _5 i I 3 re -i_ T
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e
)
g
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t }  Optimal control
M
Q
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=
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>
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0.5 1.0 1.5 2.0
FIG. 11. Results for the thermal state preparation of the two-site

Schwinger Hamiltonian as a function of the inverse temperature /3.
In each panel, the red line represents the results obtained from
exact diagonalization, while the black markers represent the
reconstructed results. The panels display the free energy, expected
energy, and entropy distributions from top to bottom. The pulse
duration for this example is set to 50 ns for both variational
Ansdtze. The uncertainty associated with the black markers
indicates one standard deviation obtained from 20 random
initializations of the optimization algorithm.
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for the |01) initial state. Hence, to enable an Ansarz that is
flexible enough, we chose a pulse duration of 50 ns for the
ensemble estimation.

VI. CONCLUSIONS AND OUTLOOK

In this work, we performed exploratory studies using
QOC techniques in the context of lattice field theories
relevant to fundamental physics applications. One of the
critical challenges of quantum simulations of the real-time
dynamics of scattering amplitudes or the nonequilibrium
dynamics of finite temperature systems is the preparation of
states. Here, we explored the variational preparation of both
ground and thermal states using a QOC Ansatz where the
parameters of a transmon control Hamiltonian are opti-
mized at the pulse level. As a representative example, we
considered the Schwinger model, which corresponds to
quantum electrodynamics in 141 dimensions. In the
Schwinger model formulation used throughout this work,
the U(1) gauge field is replaced by an asymmetric long-
range interaction between lattice sites, and the entire
Hamiltonian can be written as a spin model.

Using representative  parameters for  transmon
Hamiltonians, we explored the ground state preparation
of the Schwinger model for up to four lattice sites. While the
superposition of the ground state and the long-range
interaction of the Schwinger model generally pose chal-
lenges for the optimization, we found good agreement with
results from exact diagonalization. We compared the time
spent on state preparation using the QOC Ansatz to gate-
based methods. In particular, we compared a single layer of
a Hamiltonian-based Ansatz and an Ansatz based on
strongly entangling layers. While a quantitative one-to-
one comparison between pulse- and gate-based approaches
is challenging, we observed significant speedups. We also
observed that the achievable speedup obtained with our
current algorithm can depend significantly on the number of
qubits and device parameters. We found that, in particular,
the interqubit coupling strength and the connectivity of
the device play an important role. Aside from reduced
coherence-time requirements, we found that the QOC-based
techniques allow for a favorable landscape of the loss
function. In our simulations, we included the leakage to
higher states of the transmon Hilbert space, and we studied

the resilience of the optimization algorithm in the presence
of device noise. The noise model is based on a time-
dependent Lindblad equation that describes the evolution of
the transmon qubits as an open quantum system.

Additionally, we extended our studies to the thermal state
preparation of the Schwinger model. The equilibrium states
of quantum systems at finite temperature values are
described by a density matrix, making the corresponding
quantum simulations more challenging. Starting from a
quantum algorithm with intermediate measurements where
the free energy is minimized, we replaced the variational
Ansatz based on gates with a pulse-level Ansarz. For the
relatively small-scale exploratory studies performed here,
we obtained good agreement with results using exact
diagonalization. Our results motivate further dedicated
studies in this direction.

Given the near-term prospects of the noisy quantum
hardware, our results indicate that QOC techniques may
significantly advance quantum simulations of lattice field
theories relevant to fundamental physics. Using the fact that
the Schwinger model exhibits confinement, recent studies
introduced scalable gate-based circuits for the variational
preparation of ground states and wave packets relevant to
simulations of scattering processes. These techniques may
also provide a path forward to achieve a scalable algorithm
for state preparation using QOC techniques, which will be
the focus of future work.
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