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Hybrid quantum simulations with qubits and qumodes on trapped-ion platforms
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We explore the feasibility of gate-based hybrid quantum computing using both discrete (qubit) and continuous
(qumode) variables on trapped-ion platforms. Trapped-ion systems have demonstrated record one- and two-qubit
gate fidelities and long qubit coherence times, while qumodes, which can be represented by the collective
vibrational modes of the ion chain, have remained relatively unexplored for their use in computing. Using
numerical simulations, we show that high-fidelity hybrid gates and measurement operations can be achieved
for existing trapped-ion quantum platforms. As an exemplary application, we consider quantum simulations
of the Jaynes-Cummings-Hubbard model, which is given by a one-dimensional chain of interacting spin and
boson degrees of freedom. Using classical simulations, we study its real-time evolution and develop a suitable
variational quantum algorithm for ground-state preparation. Our results should motivate further studies of hybrid
quantum computing in this context, which may lead to direct applications in condensed-matter and fundamental

particle and nuclear physics.
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I. INTRODUCTION

In recent years, significant progress has been made in
developing different quantum hardware platforms. The most
frequently studied quantum resources are qubits, which are
two-level quantum systems. Unlike bits used in classical com-
putations, a qubit can be in a superposition of two states.
In addition, multiple qubits can be entangled, allowing for
significant quantum speedups of certain calculations. For var-
ious computational problems [1,2], it can be advantageous
to have access to d-dimensional quantum systems, which are
known as qudits. When taking the limit d — oo, the infinite-
dimensional spectrum of a quantum-mechanical harmonic
oscillator is obtained. The corresponding bosonic quantum
system is typically referred to as a qumode. Having access
to an infinite-dimensional Hilbert space per computational
unit is advantageous, for example, for quantum simulations
of bosonic systems, and it can play a role in quantum error-
correcting codes [3]. Due to the infinite-dimensional Hilbert
space in the Fock basis, the states of a qumode can also
be represented in terms of continuous variables analogous
to the eigenvalues of the position and momentum operators
of the harmonic oscillator [4]. Although photonics are often
the focus of continuous-variable quantum computing [5-7],
qumodes can also be realized using other quantum platforms
such as superconducting circuits [8—10], trapped ions [11-15],
and cold atoms [16-19].
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In this work, we focus on hybrid qubit-qumode quantum
computing with the aim of leveraging the advantages of each
quantum system. Here the combined Hilbert space can be
written in terms of discrete (qubit) and continuous (qumode)
variables H = Hquvic ® Hqumode- Potential applications in-
clude quantum error-correcting codes [20,21], calculations of
Franck-Condon spectra of molecules [10], quantum simula-
tions of condensed-matter systems involving spin and boson
degrees of freedom, and topological models [22]. In addition,
quantum field theories in fundamental particle and nuclear
physics often involve fermion, scalar, and gauge field degrees
of freedom. Within the Hamiltonian formulation of lattice
field theories [23], fermions can naturally be mapped to qubits
using, for example, a Jordan-Wigner transformation [24]. In-
stead, scalar and gauge fields that are discretized on a spatial
lattice require an infinite-dimensional Hilbert space per lat-
tice site or link variable. As a result, either they require a
truncation and subsequent mapping to a set of qubits or the
relevant degrees of freedom can be mapped to the formally
infinite-dimensional Hilbert space of qumodes [25-62].

We focus specifically on trapped-ion platforms where both
qubits and qumodes can be realized. Qubits can be hosted
by pairs of electronic states or hyperfine split states in an
individual ion, and the collective motional degrees of freedom
(phonons) of a chain of ions in a linear trap can be used
to realize qumodes [63-68]. In purely qubit-based quantum
computing with trapped ions, the motional degrees of freedom
are used, for instance, to realize two-qubit gates [69-71].
Although it is possible to encode qumodes in the discrete spin
degrees of freedom [72], here we focus on applications where
simultaneous access to qubits and qumodes resources may
give computational advantages. We discuss qubit, qumode,
and hybrid quantum gates that couple both degrees of freedom
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and suitable measurement schemes that can be implemented
using existing trapped-ion platforms. Using an exemplary
trapped-ion setup, we estimate gate times and the fidelities of
different gate operations.

This work complements the hybrid qubit-qumode frame-
work that was recently developed by the Co-design Center
for Quantum Advantage [9,73,74], which focuses primarily
on implementations using superconducting circuits. While
many of the salient features of hybrid computation can be
generalized to different physical implementations, there are
several key differences between trapped-ion and supercon-
ducting cavity hardware that introduce practical trade-offs
when designing circuits or choosing an optimal hybrid gate
set. Trapped-ion setups typically have chains of ions with
a high degree of connectivity between qubits and modes.
This connectivity generally comes at the expense of poten-
tial scalability, as it is currently only practical to work with
highly connected chains of approximately 20 ions or fewer.
Additionally, the coherence times of trapped-ion hybrid sys-
tems exist in a completely different region of parameter space
compared to superconducting systems, necessitating different
considerations for control. Qumodes of superconducting nio-
bium cavities have demonstrated coherence times of over 1 s
[75] and transmon qubit coherence times of several hundred
microseconds [76]. Conversely, trapped ions have qubit coher-
ence times that are longer than the motional mode coherence
times, e.g., with demonstrated qubit coherence times of 1 h
[77] and motional mode coherence times of 10—-100 ms in
linear Paul traps, with times reaching 1 s in Penning traps [78].
Instead of analog-digital hybrid simulations considered in pre-
vious work [79-81], here we focus on gate-based simulations
using qubit-qumode hybrid platforms (see also Ref. [73]).

The experimental toolbox for manipulating trapped-ion
qubits is sophisticated and precise, with high-fidelity state
preparation, state readout, and single- and multiqubit opera-
tions. In the Lamb-Dicke regime, the Jaynes-Cummings and
anti-Jaynes-Cummings interactions can be realized natively
by driving red and blue motional sideband transitions on in-
dividual ions with focused laser beams. While it is difficult
to interact directly with the motional modes of the ion chain,
there are many options that take advantage of the exquisite
control over trapped-ion qubits to perform operations on
modes mediated by an ion qubit. See also Ref. [13], where
different aspects of continuous-variable quantum computing
and hybrid schemes have been discussed in the context of
trapped ions.

To illustrate the potential of hybrid qubit and qumode
quantum simulations, we consider the Jaynes-Cummings-
Hubbard (JCH) model in this work, which is also referred
to as the Jaynes-Cummings lattice model [82-86]. It is a
(1 4 1)-dimensional lattice model involving coupled spin and
boson degrees of freedom per lattice site. Various aspects
of the JCH model have been studied in the literature. For
example, its phase diagram has been studied in Refs. [84,87]
using mean-field theory, which is expected to exhibit a Mott
insulator and superfluid phase. In addition, the JCH model
shares features with one-dimensional quantum field theories
such as the Schwinger model where fermionic matter is cou-
pled to a U(1) gauge field [88,89], making our studies a
natural starting point for the exploration of hybrid quantum

simulations in the context of fundamental physics (see also
Refs. [79-81,90-94]).

The remainder of this work is organized as follows. In
Sec. IT we discuss an example trapped-ion setup allowing ac-
cess to both qubits and qumodes. We discuss different gate and
measurement operations along with numerical simulations
demonstrating the feasibility of our approach using current
quantum hardware platforms. In Sec. III we introduce the JCH
model and present numerical results for the real-time evolu-
tion and ground-state preparation using a suitable variational
algorithm. We summarize and present an outlook for future
work in Sec. IV.

II. QUBITS AND QUMODES WITH TRAPPED IONS

In this section, we start by introducing the notation used
throughout this work. We then discuss hybrid qubit and
qumode gate and measurement operations for trapped ions.
This will allow for the simultaneous use of continuous and
discrete variables as computational resources. We present
numerical results to demonstrate the feasibility on current
quantum platforms.

A. Notation

We start by introducing the notation used throughout this
work. We label the two states of a qubit as spin up |1) and spin
down || ). The Pauli or spin operators are denoted by o*>*
and the spin raising and lowering operators are given by o =
(0% & i0Y)/2. Wehave [1) = oT||)and ||) = o0~ |1), as well
as {oT, 07} =1, where I is the identity matrix. The state of
a qumode is typically represented in terms of the Fock basis,
the position and momentum basis, or the coherent state basis.
Throughout this work, we will only work in the Fock basis
and the position and momentum basis. We denote the Fock
states of a qumode or harmonic oscillator by |n), which can
be written as

@
In) =
Vn!
Here |0) is the ground state of the qumode. The bosonic
raising and lowering operators satisfy the commutation re-
lation [, a'] = 1. The Fock states |n) are eigenstates of the
number operator N = a’a with eigenvalue n. We can write
the position and momentum or quadrature operators X and P,
which satisfy the commutation relation [X, P] = i, in terms of
the raising and lowering operators,

|0). (D

N 1 N i .
X=—@+a, P=—@ -a. )
V2 V2
We denote the eigenstates of the position operator by |x) with
X|x) = x|x) with eigenvalue x, and analogous relations hold
for the momentum operator. Using the position basis, we can
write the state of a qumode in terms of the continuous variable
x as

1Y) =/dxw(X)IX>, 3)

with the wave function ¥ (x). Note that we use i =1
throughout this work. In circuit diagrams, single (triple) lines
represent qubit (qumode) wires [95] (see, e.g., Fig. 6).
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B. Trapped-ion setup and mode structure

In this section, we focus on a particular trapped-ion
implementation, '"'Yb™ ions in a linear Paul trap, for con-
creteness. However, the principles we discuss should apply
equally well to other trapped-ion systems. The qubit levels
[{) and |1) are the two hyperfine levels |[F = 0, mp = 0) and
|F =1, mp = 0), of the %S;, ground state of '7'Yb™, which
have a demonstrated coherence time of several seconds [96].
In principle, multiple electronic or hyperfine states can be
employed in a single ion to realize multiple qubits [97-99],
which would be useful to explore in the context of hybrid
computing platforms in future work.

A qumode is idealized as a harmonic oscillator with an
infinite number of equally spaced states. Using trapped ions,
qumodes can be realized in terms of phonon modes, i.e.,
the vibrational modes arising from the harmonic motion of
the ions in the trap. Generally, trapped-ion experiments can
exhibit one of two classes of modes depending on the configu-
ration of the ions in the trap: local phonon modes of individual
ions, when the motion of the ions can be described as in-
dependent harmonic oscillators [100], and collective phonon
modes of the ion chain when the ions are sufficiently tightly
confined in the trap [101-103]. Here we focus on collective
modes as they exhibit full connectivity to all the qubits of the
ion chain. Compared to the qubit degrees of freedom, the ion
motional modes typically exhibit shorter coherence times due
to electric-field noise that can lead to heating and decoherence
of the motional modes [66,104,105]. With the exception of
the center-of-mass mode, collective modes are less sensitive
to decoherence arising from the coupling of the motional
mode to currents in trap electrodes [106]. This coupling is
suppressed for all modes except for the center-of-mass modes
by a factor of the ion spacing divided by the ion-electrode
distance [69,107]. We note that several proposals for realizing
continuous-variable quantum computing have been proposed
using local ion modes [63,64,108,109]. In general, N ions
can give access to at most 3N phonon modes, which in a
linear trap will comprise N axial modes and 2N radial modes.
Higher numbers of modes of the ion chain can be increasingly
difficult to resolve. This upper limit on the resolution of modes
depends on the details of the experimental setup. Compared
to qubits, the coherence time of qumodes is relatively short,
on the order of milliseconds [110]. We will compare the co-
herence time to the different gate operations in the following
section.

As illustrated in Fig. 1, we consider a trapped-ion setup
that gives access to both qubits and qumodes as computational
resources. We consider N = 8 ions that, in principle, allow for
access to 24 qumodes. However, in practice, several collective
motional modes will be reserved to mediate two-qubit gates.
The qumodes are initialized to the |[n = 0) motional state by
laser cooling to the Doppler limit of about 1 mK, followed
by resolved sideband cooling each mode m to (n,) < 0.01
on a narrow transition with a linewidth less than the motional
frequency [111]. The qubits on each ion can be initialized to
the || ) state by optical pumping [112].

The gray arrows in Fig. 1 illustrate an exemplary radial
mode. Since typical setups of current ion traps do not allow
for direct interactions with the motional degrees of freedom of

Computational qubits

Collective modes (
of the ion chain

,\ oY
J

Qumode control qubits

FIG. 1. Illustration of the hybrid qubit and qumode setup using
trapped ions.

the chain, we need qubits to control the qumodes. Therefore,
we reserve a certain number of control qubits, shown as blue
circles in Fig. 1. In principle, we only need a single con-
trol qubit. However, the performance of continuous-variable
gates can be improved with the help of multiple control
qubits. For example, to perform the beam-splitter operation,
a continuous-variable gate discussed in more detail below, the
control qubits need to remain in the || ) state. The remaining
qubits shown as green circles in Fig. 1 can be used as compu-
tational resources. Ideally, we set aside as few control qubits
as possible, thus retaining as many computational qubits as
possible. We explore this aspect in more detail below. Since
all qubits share the collective motional degrees of freedom, we
can realize hybrid gates that couple the computational qubits
to the qumodes.

In the pseudopotential approximation, the ion trap provides
a three-dimensional harmonic oscillator potential

Vieap(¥) = 507 + J00y” + 30227, )
with the trap frequencies being {w,,wy, w;} =2 x
{2.0,2.5,0.12} MHz. The discrepancy between the trap
frequencies causes the eigenfrequency spectrum of the system
with multiple ions to be gapped, which is experimentally
advantageous for manipulating the ions. For eight '"'Yb™
ions, the mode spectrum and mode participation are shown in
Fig. 2. The participation vector b;,, describes how strongly
the mode m couples to the qubit hosted on ion j. We calculate
the vector of 24 spatial coordinates of equilibrium positions
{r;} of the ions in the trap by minimizing the total potential
Vi ({ri}) = Vtrap({ri}) + Veoulomb ({ri}) of the ion chain, where
Veoulomp 18 the mutual Coulomb repulsion of the ions. We then
calculate the mode frequencies and participation vectors by
linearizing the net force on each ion around its equilibrium
position by calculating the Hessian H;; = BZVtm/BriBrj of
the total potential. The eigenvalues of H;; are the square of
the mode frequencies, and the eigenvectors are the mode
participation vectors.

C. Single-qumode gates

Qumode rotation gates are implemented as controlled ro-
tation gates (see Sec. I1 E), except that we use a control qubit
in the || ) state. Before and after the controlled rotation, a o*
gate is applied to the control qubit. As a result, the action of
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FIG. 2. Shown on the bottom left are the frequencies of the 8 axial and 16 radial modes for the ion trap setup considered in this work.
Shown on the right is the ion-mode participation matrix for the radial x modes, the lower of the two radial bands. For example, the leftmost
column represents the center-of-mass mode, where all ions are oscillating in phase. The second column corresponds to a rocking mode. Shown
on the top left is the motion of ions in the third radial x mode, the 11th eigenmode, which is a bending mode.

the operator on the hybrid Hilbert space is only that of the
rotation gate, and the controlled qubit is returned to the || )
state. We have

o*CR(O)0* || |[¥) = 0" exp(ifaca‘a)| 1) |¥)
=11) ® RO)|Y), 5)

where |1/) is the qumode state.

Squeezing of motional states with trapped ions using laser
fields was first demonstrated in Ref. [113]. The genera-
tion of squeezed states is more robustly performed through
the method proposed in Ref. [114], which implements fast-
switching electrodes inside the trap that oscillate the internal
electric potential with strong control. Specifically, an ion in
a motional ground state for a given quadratic potential is
transported to a new potential with characteristic frequency
w1, which causes the curvature of the Gaussian wave function
to flip. The curvature of the potential is then decreased to
w, = Aw;, which causes the wave function to breathe. The
potential is then returned to frequency w;, squeezing the
state with a change in variance of L. Recent experiments
have demonstrated up to 5.9 dB of single-mode squeezing
in a single-ion surface-electrode trap [115] and 5.4 dB of
squeezing in the center-of-mass mode of a two-dimensional
ion crystal in a Penning trap via parametric modulation [116].
In both cases, the squeezed motional states remained coherent
over timescales of 10 ms or longer.

It was demonstrated in Ref. [117] that state displacement
can be achieved by superimposing two standing-wave elec-
tric fields that drive Raman transitions between different |n)
levels. Choosing the detuning of the lasers to be w, gives an
effective interaction Hamiltonian of

H;(1) = Qexplin(ae " + a'e™")] + H.c. (6)

When working in the Lamb-Dicke regime (n < 1), the evo-
lution operator corresponding to this Hamiltonian gives the
qumode displacement gate in a good approximation.

To construct Kerr gates, we start with the interaction
Hamiltonian of a laser incident on a single ion in a Paul trap,

Q + s oa o —iot AT it
H; = Ea explin(ae +a'e)]+H.c., (7)

where w is the trap frequency and 7 is the Lamb-Dicke param-
eter. Expanding to fourth order in 5 yields

2 4 4
= %Ox(l — TN+ "ZNZ). ()
There are higher-order interactions, but they are suppressed
by additional factors of n* [118]. Since the action of H; is
nontrivial on the qubit Hilbert space, we need to utilize a
control qubit that is kept in the state || ). By first applying
a rotation gate to the qubit R,(r/2), the qubit is left in an
eigenstate of the Hamiltonian, %(IT) + [{)), with eigenvalue
1. The action of the Hamiltonian is then only nontrivial on the
qumode Hilbert space. The term proportional to n’N can be
compensated by applying a rotation gate R(%nzt), where ¢ is
the desired time step of the gate. Inverting the qubit rotation
after the time evolution of Eq. (8) returns the control qubit to
its original state and recovers the action of the Kerr gate,

4
U(t) = exp <,-QT'7N2,>’ &)

up to a constant phase that we can ignore. This gate relies on
the inherent nonlinearity of the trap potential, which is kept
small in trapped-ion setups for practical considerations. This
manifests as * dependence in the gate. This makes the gate
time proportional to n~* and causes this gate to be the slowest
in the set of gates we consider for the hybrid qubit-qumode

012620-4



HYBRID QUANTUM SIMULATIONS WITH QUBITS AND ...

PHYSICAL REVIEW A 112, 012620 (2025)

TABLE I. Summary of the qubit and qumode gates, as well as measurement operations considered in this work along with their estimated
gate times and fidelities for trapped '7'Yb™ ions in a linear Paul trap. Here &, & and b, b refer to bosonic annihilation and creation operators
acting on different qumodes (collective motional modes of the ion chain), and the identity I; and Pauli operators UJ’.' act on qubit j with
i = x,y, z. For parametrized gates, we introduce the complex-valued variable z = 8¢'® with & > 0 and ¢ € [0, 27r). We estimate gate times
and fidelities from references listed in the last column, where for experimental demonstrations we either include a measured gate time or infer
one from a reported interaction strength. Note that red and blue sideband gates refer to the adiabatic versions of the traditionally understood
coherent operations in trapped ions. Gate times are for 0 = 7 /2 and |z| = 1.

Type Operation Short Operator Estimated gate time Estimated fidelity Ref.
Pauli operators ol 2 us 99.999% [119]
Qubit gates Rotation Ri(9) et/ 2 us 99.999% [119]
Controlled-NOT CNOT el /M —op)da—o3) 30 us 99.9% [120]
Rotation R(9) eit'a 200 ps? 99%? [121]
Displacement D(z) g =T 10 us 99% [122]
Qumode gates Single-mode squeezing S(z) (" aa—za'a")/2 3us 98% [123]
Beam splitter BS(2) < b-zab! 250 us 99% [68]
Kerr K() et ? 10 ms® 95%* [118]
Cross-Kerr CK(2) eiva'ablh 800 us 97% [124]
Red sideband RSB(z) gizao iztafo™ 200 us 99.9% [68]
Blue sideband BSB(2) giza ot Fiztao™ 200 us 99.9% [68]
Hybrid gates Controlled rotation CR(9) ibo%a’a 200 ps? 99%* [13]
Controlled displacement cD(z) PACUR) 800 us 95%* [125]
Controlled squeezing cs(z) ot aa—zatal)/2 120 ps® 99%* [13]
Controlled beam splitter CBS(2) o catb=z"ab") 250 us 99% [68]
Qubit Pauli strings o! 145 us 99.99% [126]
Average phonon number N 200 us 97% [113]
Measurements Qumode PNR |n) (n| 400 us 99% [127]
Qumode homodyne X, P 200 us 95%* [127]
Hybrid o'X, 0P 200 ps® 95%"

“Estimate based on theoretical prediction.

"Hybrid measurement using the upper bound on qubit and qumode homodyne measurements.

system (see Table I). However, coherence times longer than
the estimated gate time for the Kerr gate have been demon-
strated in many-ion chains [128]. This gate has not been
performed experimentally, and we leave the technicalities of
its implementation for future work.

D. Two-qumode gates

The participation of all ions in the collective modes of
the system allows for the realization of programmable beam-
splitter gates between two qumodes with arbitrary phase and
rotation [68]. A single ion, labeled j, is driven off resonance
with two tones detuned by Agg from the red sidebands (RSBs)
of the two modes we want the beam splitter to act on, labeled
m and n. The distinct Rabi frequencies of these drives, 2 ,,
and 2, ,, satisfy 1,2, ~ 1,2, ~ Aps/2, wWhere n; , is
related to the mode participation of each ion, b;,,, and the
Lamb-Dicke parameter of each ion n; by 1, = n;bj, [67].
These drives acting at the same time result in the effective
time-evolution operator

U™™(t) = exp [i0ps ()0 (a),ane™ + amaie™)],  (10)

Nj.mS2jmNjnS2jal

Ops(t) = 4Aps
B

; (1)

where ¢ is the phase difference between the two tones and
t is the the amount of time the pulses are on. In principle,

one control qubit kept in the state ||) can host all of the
beam-splitter gates that couple to any two modes, given that
the ion participates in all modes. However, this is not true for
all ions, and even a small participation of ions in different
modes presents experimental concerns. The gate time for a
beam splitter is a one-quarter period of the oscillation between
states, Tgs = 7 /2wgs, Where the beam-splitter frequency wgs
is given as

wps = nj,mQj,mnj,an,n. (12)
Low participation of an ion in a particular mode corresponds
to long gate times for any beam splitter that is hosted on that
ion that couples to that mode.

Therefore, it is pragmatic to optimize which ions host the
beam-splitter gates in order to minimize the sum of gate times
of beam splitters that cover all of the mode-mode couplings
that we wish to have. Any configuration of couplings that
can be mapped to the target Hamiltonian is a valid config-
uration. For example, if one wishes to simulate a system
with N sites with periodic boundary conditions, one possi-
ble choice of mode couplings within a single band using
N ions is (1,2),...,(N —1,N), (N, 1), which is trivially
mapped to a local Hilbert space. From Eq. (12), minimizing
the sum of beam-splitter gate times amounts to maximizing
the product of the elements of the participation matrix for the
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FIG. 3. Maximum gate time of the set of beam-splitter gate times
covering nearest-neighbor mode couplings that correspond to having
minimal total gate times for accessing a subset of the ions compared
to the assumed coherence time of a qumode, 5 ms.

control qubit and the two coupled modes b;, and b;,,. For
example, observe the participation matrix in Fig. 2. Ions 3 and
6 participate weakly in mode 13, making them poor choices
to host couplings with this mode. In general, reserving more
ions as control qubits will allow for more combinations of
mode-mode couplings. This comes at the cost of computa-
tional qubits in the system. The more combinations of modes
available (the more control qubits used), the better the opti-
mized set of gates will perform, up to a point where the most
optimized configuration can be found, beyond which there is
no need to include more control qubits.

This optimization scheme is demonstrated in Fig. 3. We
consider a chain of eight ions with modes from a single radial
band. For a given number of control qubits, we optimize
the sum of beam-splitter gate times for a configuration of
couplings that can be mapped to nearest-neighbor interactions
and report the highest gate time in that set. This is repeated
for different numbers of modes, excluding the center-of-mass
mode because of its shorter coherence time. We leave A and Q2
constant since they can be individually tuned and kept equal
for every ion. Going from one to two control qubits greatly
speeds up the gate times, but going from two to three does
offers much less improvement, if any at all, and there is no
need to use more than three control qubits. When performing
beam splitters between seven modes, only two control qubits
are needed to have all the gate times well below the typical
qumode coherence time. This ensures all the beam splitters
can be performed within the coherence time of the qumode.
As a matter of practice, most experimental setups are designed
to operate with a fixed number of trapped ions. Given this
constraint, one can effectively trade off between the number
of computational qubits available as a resource and the achiev-
able gate times.

Cross-Kerr gates, like Kerr gates, are realized by exploiting
the nonlinearity of the Coulomb interaction between the ions
in the trap that give rise to couplings between radial and axial
motional modes [129-131]. While this coupling is normally
quite weak, it can be enhanced in two modes that are near a
parametric resonance (w, = 2wp), such as a pair of carefully
chosen axial and radial modes. Cross-Kerr interactions have
been performed for a three-ion chain [124].

Estimates of gate times and fidelities taken from exper-
imental demonstration in the literature are summarized in
Table I. As the length of the ion chain increases, the mode
spectrum becomes denser, complicating the ability to address
individual modes. While larger ion chains necessitate more
complex experimental setups for the purposes of imaging and
addressing individual ions, this scaling does not inherently
limit the implementation of the gates discussed here.

E. Hybrid qubit-qumode gates

Adiabatic red and blue sideband gates (distinct from red
and blue sidebands, the modes of the ions), also commonly
known as Jaynes-Cummings and anti-Jaynes-Cummings in-
teractions, respectively, are the simplest nontrivial operators
that act on both modes and qubits. These gates are realized
by applying a stimulated Raman adiabatic passage, which
amounts to a sinusoidal modulation of the Rabi frequency
of the laser incident on the ion, Q — Q(t) = Qsin(xt/T),
where T is the total transfer time for the gate of approximately
Tm /n2 [66,132]. This enables state transitions |1, n) —
[{,n+1)and ||, n) — |1, n — 1) for red and blue sidebands
gates, respectively.

An implementation of the controlled rotation and con-
trolled squeezing gates was proposed in Ref. [133]. The
controlled rotation is realized similarly to the controlled
beam-splitter gates. An ion, labeled j, is driven by two lasers.
They are driven out of phase by ¢ = 7 /2, and both are equally
detuned by A, far from the red and blue sidebands of the
mode, labeled m, that is acted upon. The Rabi frequencies
satisfy the same relation with the Lamb-Dicke parameters
and the detuning as with the beam-splitter gate. However, a
difference is that the Rabi frequencies are chosen such that the
two-photon Rabi frequency is purely imaginary. This gives an
effective time-evolution operator of

U (1) = exp [i6:(1)o (@), am)], (13)
4172 Q2 ¢

O:(1) = L2 14

() A (14)

where ¢ is the amount of time the ion is driven for. This evo-
lution operator corresponds to the gate CR(6) with 0 = 6,(¢).
The controlled displacement gate relies on applying a spin-
dependent force. Generating this force requires creating an
electric field with a spatial gradient on the order of the mode
wave function. Such a gradient is usually achieved using a
laser with a wavelength that is much smaller than the size of
the wave packet or by generating a strong microwave field gra-
dient with electrodes close to the ions. The gradient causes the
qubit level |1) to be displaced in energy relative to || ). This
can be done using an optical lattice [107] or microwave field
gradient [125]. Modulating this spin-dependent force near a
motional mode frequency excites a coherent displacement in
that motional mode that depends on the qubit state.
Controlled squeezing is done similarly to the controlled
rotation. The key differences are the detuning Ay of the
two lasers are equal in magnitude but with opposite sign,
the phase between the two tones, and ¢ is now a free
parameter. This gives rise to an effective time-evolution
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FIG. 4. Circuit for a homodyne measurement of the quadrature
operators X (rotation § = 0) and P (rotation 6 = 77 /2) using an
ancillary qumode initialized in the |0) state.

operator
UP(t) = exp [ifq ()0 ()7 — ane )], (15)

2 02
2nj,m§2j’mt

A (16)

qu(l‘) =

This time evolution corresponds to the gate CS(z) with
7 = ifsq(1)e™.

The beam-splitter gate acts on a control qubit kept in the
|{) state and two modes. A controlled beam-splitter gate is
instead applied directly to the computational qubit. If the
coupling between two specific modes for a given ion is small,
a SWAP gate can be applied to the control qubit and the desired
computational qubit before and after performing the beam-
splitter operation.

Other hybrid operations can be synthesized from the gates
described here. We leave a more detailed exploration for fu-
ture work.

F. Phonon-number, homodyne, and hybrid measurements

We can perform a homodyne measurement using the circuit
diagram shown in Fig. 4. Per homodyne measurement, we
need to introduce an additional qumode. We then apply a
displacement of the mode by 1/+/2 and rotate it by an angle
of 6 = 0 (6 = m/2) for a position (momentum) measurement.
Next we interfere with both states using a 50:50 beam splitter
and measure the average occupation number of both modes.
For example, the homodyne measurement of X is then given
by [134]

WIX1Y) = (YN Y) — (YN [). (17)

Trapped-ion systems generally are not optimized to pro-
vide high-fidelity control over the motional degrees of
freedom. In order to perform a phonon-number-resolved
(PNR) measurement, it is necessary to map the qumodes
onto a qubit state. Then the qubit’s state |1, |) can be
obtained via fluorescence measurements. We distinguish be-
tween two types of measurements, a projective single-shot
measurement in the Fock basis and an average measurement
of the phonon occupation number of a qumode. In contrast,
PNR measurements in photonic systems use detectors that
are natively sensitive to photon number, such as transition
edge sensors that employ a calorimetric effect [135], or by
processing arrival times across a photon wave packet in su-
perconducting nanowire single-photon detectors [136]. While
these detectors work best for one to several photons, they
can be extended to photon numbers of approximately 100
by multiplexing the signal across multiple detectors using
beam splitters [137].

Phonon state detection is commonly performed in trapped-
ion systems by measuring the Rabi oscillation frequency of
a blue sideband transition, which depends on the phonon
number. The probability P, of being in the Fock state |n) can
be inferred from the Fourier transform of the probability of
the qubit to be in the || ) state,

Pi(t) = %(1 + an COS(ZQn,nJrlt))s (13)

n=0

where 2, ,11 & Qn+/n + 1 in the Lamb-Dicke regime [107].
The probability P, (¢) is measured with resonant fluorescence.
This method applies to individual ions and collective modes of
the chain, but it is not a projective measurement, as it relies on
using the average of many experimental shots. Additionally,
this method has been efficiently generalized to simultaneously
determine the Fock state distributions of multiple modes using
fluorescence from multiple ions [138].

There are two schemes for single-shot phonon-number
measurements demonstrated in trapped-ion systems. Because
these allow for high-fidelity estimates of the phonon number
in a single experimental sequence, they are suitable for use
in active feedback schemes or for midcircuit measurements.
The first method involves using red and blue sideband pulses
to map the state of a single phonon mode onto one or more
qubit states. An example of this is to initialize a single qubit
in the |1) state and then perform a single adiabatic RSB
pulse. The RSB pulse transfers all phonon population in the
mode with n > 1 to the ||) qubit state [127]. Then a single
fluorescence measurement of the qubit will determine if the
qubit and mode are in the |1)|0) state (which is bright) or
the || )|n > 1) states (which are dark). If the mode isinn > 1
this is a quantum nondemolition measurement, and the precise
value of n can be done by performing a carrier = pulse to
rotate the qubit back to |1) and repeating the measurement
sequence with another adiabatic RSB pulse until there is a
bright fluorescence measurement.

The second scheme for single-shot measurements takes ad-
vantage of the cross-Kerr coupling between motional modes.
This gives rise to a resolvable frequency shift on a readout
mode that depends on the occupation of the target mode.
Measuring the readout mode frequency is done by performing
BSB pulses, with a successful qubit spin flip detected using
resonant fluorescence [124]. This measurement can be done
simultaneously with a homodyne measurement, enabling the
hybrid measurements displayed in Table I, the measurement
time of which is the longer of the two concurrent composite
processes.

III. TOWARD HYBRID QUANTUM SIMULATIONS

In this section, we explore an application of the hybrid
quantum computing scheme using both qubits and qumodes.
We start by introducing the Hamiltonian of the JCH model,
which involves both spin and boson degrees of freedom. Using
classical simulations, we study its real-time evolution, and we
develop a variational quantum algorithm to prepare the ground
state of the model where the total number of excitations is
either variable or fixed.
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FIG. 5. Illustration of the Jaynes-Cummings-Hubbard model for
six lattice sites. Qumode (qubit) degrees of freedom are shown in
blue (green).

A. Jaynes-Cummings-Hubbard model

The Hamiltonian of the (1 4+ 1)-dimensional JCH model
with M lattice sites is given by [83]

H = o, E &T&,l—l—a)a E o, 0 —K E (anHa,,—i—ana,,H)
n=1

n=1

N
+n Y (o, +ajo,). (19)

n=1

Here &/ and a, denote the raising and lowering operators of
the harmonic oscillator or qumode at lattice site n. Similarly,
o denote the corresponding spin or qubit raising and low-
ering operators. The two terms in the first line of Eq. (19)
account for the energies of the excitations of the qumodes
and qubits that are distributed across the lattice. We define
the difference between the respective energy levels or the
detuning as

A =w. — o, (20)

The second line in Eq. (19) is a kinetic or nearest-neighbor
hopping term between qumodes with coupling strength «. The
third line describes an on-site interaction between qubits and
qumodes with strength . See Fig. 5 for a schematic illustra-
tion of the JCH model where qubits (qumodes) are represented
by green (blue) circles and the nearest-neighbor and on-site
interactions are indicated by blue and green lines, respectively.
Throughout this work, we employ open boundary conditions.
Each term of the Hamiltonian in Eq. (19) is written in terms of
qubit and qumode raising and lowering operators. This form
of the Hamiltonian is suitable for identifying the relevant gates
(see Table 1), for the simulations discussed below. Instead,
the measurement operations in Table I are written in terms of
Pauli, quadrature, and number operators. We therefore rewrite
the Hamiltonian in Eq. (19) in terms of Pauli, quadrature, and
number operators as

= W¢ ZNm + wy ZNb — kK Z(Xn+lxn + Pn+1Pﬂ)

n=1

Z a)B,). Q1)

nl

Here X, and P, represent the quadrature operators at lattice
site n. We also introduced the number operators

= 1(I, + o), (22)

for the qumode and qubit register as indicated by the respec-
tive superscripts, and I,, and oY are the identity and Pauli
operators at each lattice site, respectively. Using the form of
the Hamiltonian in Eq. (21), we can identify the relevant qubit,
qumode, and hybrid measurement operations listed in Table I.

The number operator that measures the total number of

excitations across the entire lattice is given by

M
Ko=) _ (N7 +K7). (23)
n=1

The total number of excitations is conserved since the Hamil-
tonian commutes with the total number operator

[H, Niot] = 0. (24)

For the classical simulation described in the next section, the
infinite-dimensional Hilbert space of the qumodes needs to be
truncated. The Fock space truncation of the qumodes at level
A leads to the fact that the raising operator annihilates the state
with the highest Fock space occupation number a'|A) = 0.
As a result, the commutation relation between the raising and
lowering operators is modified as

[a,a'] =T — (A + D|A)(A] (25)

The commutation relation of the quadrature operators is mod-
ified analogously. However, the total number operator still
commutes with the Hamiltonian [see Eq. (24)] despite the
finite truncation of the Hilbert space. This ensures that the
total number of excitations is a good quantum number in our
numerical simulations. A numerical improvement could be
achieved by normal ordering the raising and lower operators,
that is, every term aa' is replaced with a'a + 1. In this case,
the commutation relation between the quadrature operators is
retained and the effect of the finite truncation of the qumode
Hilbert space is reduced [9].

B. Real-time evolution

In this section, we study real-time evolution of the
JCH model. We employ a first-order Trotter decomposition
[139-141] where the Hamiltonian in Eq. (19) is written as

A= Zﬁj, (26)
J

where each term H can be written in terms of qubit, qumode,
or hybrid operators. Using a first-order Trotter decomposition,
the unitary-time-evolution operator can be written as

Uity =[Je™. (27)
J

By evolving in terms of K small time steps with A7 =t /K, we
can closely approximate the time-evolution operator e~ . We
leave a more quantitative assessment of the error bound for the
Trotterized time evolution involving hybrid gates for future
work [74,141,142]. The different contributions to the Trotter-
ized time-evolution operator in Eq. (27) can be expressed in
terms of qumode rotation gates R(6) and qubit rotation gates
R.(0) [see Eq. (22)]. In addition, we need the two-qumode
beam splitter BS(z) and the red sideband gate RSB(z), which is
a hybrid operation. All relevant gate operations can be found
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FIG. 6. Illustration of a single Trotter step for the time evolu-
tion of the two-site JCH model, which also corresponds to a single
layer of the variational algorithm employed here. Single (triple) lines
represent qubit (qumode) wires. The beam-splitter gate acts only on
neighboring qumodes.

in Table I. In Fig. 6 we show an illustration of the circuit for
a single Trotter step for the two-site JCH model. The relevant
parameters of the gates can be read off from Eq. (19). For
example, in order to simulate a single Trotter step, a single
term of the second line in Eq. (19), K(&ZH&,, + &Z&H]), is
implemented by a beam-splitter gate with the parameter z3 =
0e?, where = Kk At and ¢ = 7 /2. Similarly, the remaining
terms in Eq. (19) are each implemented by the other gates
depicted in Fig. 6. We note that for the model considered
here, the different factors in the Trotterized time evolution
in Eq. (27) map directly to gates discussed in the preceding
section. However, more general hybrid gates involving Pauli

strings and polynomials of the quadrature operators can be
constructed from the gates listed in Table I (see Ref. [73]
for more details). These derived gates are relevant for more
general models or gauge theories with fermions.

For our numerical simulations, we use an extended ver-
sion of PENNYLANE (version 0.35.1) [143], where we include
hybrid gates with an adjustable cutoff value A. We study
the time evolution for a four-site JCH model. We choose
the Fock space cutoff of each qumode as A = 4. We note
that for the JCH model considered in this work, the result
for the real-time evolution is independent of the cutoff A
as long as it is sufficiently high to accommodate the initial
total number of excitations in a single qumode. The reason
is that the total number of excitations is preserved and no
coherent or squeezed states are generated that would require
an infinite sum over all Fock states |n) of a qumode. For the
time evolution, we choose the time interval of each Trotter
step as Ar = 0.1 and we evolve for 200 steps. We verified that
the Trotter errors are negligible for the time intervals shown
in this section. We study the time evolution using different
model parameters and initial states. Throughout this section,
we choose the detuning between the qubit and qumode energy
levels as A = 0.5 [see Eq. (20)] with @, = 1.

Figure 7(a) shows the expectation value of the number op-
erators of the qumodes and qubits ), ]\7ib”", and the total Ny
[see Eq. (23)] as a function of time for the model parameters
k = 0.2 and n = 1. As an initial state, we choose |m) ® |b) =
|0100) ® [1111), where the qubit and qumode registers
are factorized. Here |m) and |b) denote the qumode and
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FIG. 7. Real-time-evolution studies of the JCH model. (a) Evolution of the expectation value of the number operator for qubits (blue solid
line), qumodes (red solid line), and the sum of both (black dashed line) summed over all lattice sites for x = 0.2 and n = 1 with initial state
[0100) ® [111]). Also shown are the qubit and qumode occupation numbers for each lattice site as a function of time for (b) k = 0.2 and
n = 1 with initial state |0100) ® |} {{1) and (c) x = 1 and n = 0.2 with initial state |0100) & || | | 1). On the y axis, we label the lattice site

i for each qubit and qumode as b; and m;, respectively.
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FIG. 8. Time evolution of the bipartite entanglement between
the qubit and qumode registers. We show the result for two differ-
ent choices of the model parameters that correspond to Figs. 7(b)
and 7(c).

qubit register, respectively. As expected, the total number of
excitations across the entire lattice is conserved [see Eq. (24)].
However, we observe oscillations for the total number of
excitations in the qubit and qumode sector. While the initial
total number of excitations in the qubit subspace is larger,
we observe an inversion at late times. Next, in Figs. 7(b) and
7(c) we show the qubit and qumode occupation numbers for
each lattice sites for two different sets of model parameters
as indicated in the caption. For both simulations, we choose
the initial state as |0100) ® || || 7). The y axis of the two
figures labels the lattice site i for each qubit and qumode
as b; and m;, respectively. In Fig. 7(b), due to the relatively
large qubit-qumode coupling strength 1, we observe initial
on-site oscillations that decay only gradually with time and
eventually spread across the entire lattice. Instead, in Fig. 7(c)
we consider a relatively strong nearest-neighbor coupling
between qumodes k compared to the qubit-qumode coupling.
We observe that the initial qumode excitation at site m; moves
across the lattice and backscatters at the endpoints. In compar-
ison, the qubit excitation at lattice site b4 only decays slowly.

To further illustrate the relation between the qubit and
qumode registers of the JCH model, we consider the bipartite
entanglement between the two and study its evolution as a
function of time. The reduced density of the qubit register
is obtained by tracing over the qumode degrees of freedom
o» = Tr,,(p), where p denotes the density matrix of the entire
lattice. We approximate the von Neumann entropy of the
reduced density matrix p,, by the Shannon entropy as it is more
directly accessible on quantum computers,

S = —tr(pylog py) > — Y _ pilog p;. (28)

L

The Shannon entropy on the right-hand side of the equa-
tion can be constructed by measuring the qubits in the
computational basis. The probabilities of each measurement
outcome i is denoted by p;. Figure 8 shows the time evolution
of the bipartite entanglement between the qubit and qumode
registers for two sets of model parameters, which correspond
to Figs. 7(b) and 7(c). At early times, the entanglement

increases rapidly for large values of the qubit-qumode cou-
pling strength 5, which is shown in red. In addition, we
observe faster oscillations and larger maximum values of the
entanglement compared to the case when the qubit-qumode
coupling strength is relatively small.

C. Ground-state preparation using variational algorithms

In this section, we explore the preparation of ground states
using variational quantum algorithms (VQAs) [74,144-148].
These algorithms generally employ a parametrized quan-
tum circuit to approximate the ground state of a given
Hamiltonian. The parameters are obtained using a classical
optimization. Both gradient and non-gradient-based opti-
mization techniques have been employed in the literature.
On a quantum computer, gradients can be obtained using
parameter shift rules [149,150]. For continuous-variable quan-
tum computing, suitable Ansdtze have been developed in
Refs. [151,152]. Here a combination of Gaussian and non-
Gaussian gates closely resembles classical neural networks
where a linear or affine transformation is followed by a
nonlinearity. For example, compared to adiabatic state prepa-
ration algorithms [153], VQAs allow for significantly shorter
circuits, making them well suited for the near- to intermediate-
term future. However, the optimization can be challenging
[154] and VQAs often exhibit so-called barren plateaus where
the gradient and its variance vanish exponentially in terms
of the number of qubits or layers [155]. Mitigation strategies
have been developed in the context of qubit-based algorithms
[156—-160]. Other state preparation algorithms have been pro-
posed in the literature (see, for example, Refs. [161-166]). We
leave an exploration of these methods in the context of hybrid
quantum computing using qubits and qumodes for future work
and instead focus here on proof-of-concept studies.

Variational quantum algorithms employ an Ansatz consist-
ing of parametrized circuits. We denote the corresponding
unitary operator by U(®), where ® denotes the set of vari-
ational parameters. The ground state of a given Hamiltonian
is approximated by minimizing the expectation value

Hgn(qﬁlUT(@)ﬁU(@)lfﬁ) (29)

using a classical optimization loop. Here |¢) denotes a suit-
able initial state of the qubits and qumodes. A frequently
employed method is to construct an Ansatz U(®) using the
gates that appear in the Trotterized version of the time-
evolution operator U, (¢) [see Eq. (27)] [146]. A single layer of
the VQA Ansatz consists of the gates of one Trotter step (see
Fig. 6). Since the RSB(z) gate is non-Gaussian, whereas all
other gates in the Hamiltonian-based Ansarz [146] are Gaus-
sian, this approach closely mimics the structure proposed for
continuous-variable quantum neural networks in Ref. [151].
The measurement operations needed to obtain the expectation
value of the Hamiltonian in Eq. (29) require the measure-
ment of Pauli strings on the qubit side as well as homodyne
measurements of the quadrature operators, and hybrid mea-
surements. See the discussion around Eq. (21) and the list of
measurement operations given in Table I.

The total number of excitations of the ground state of the
JCH Hamiltonian depends on the choice of model parameters.
In this section, we explore the ground-state preparation with
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FIG. 9. Additional parametrized gates that are included in our
variational Ansatz per lattice site and layer for a variable number of
total excitations.

both a variable number of total excitations N,,; and when we
restrict ourselves to the subspace where Ny is fixed. For the
latter case, the Hilbert space is significantly smaller and the
gap between the ground state and the first excited state of
this subspace is relatively large compared to the case with
variable N,. While the Hamiltonian-based variational Ansarz
described above is sufficient for fixed Ny as it conserves the
total number of excitations across the lattice, it is not sufficient
to prepare the ground state of the JCH model for a variable
total number of excitations. In this case, we extend the vari-
ational Ansatz in Fig. 6 by including additional parametrized
gates that can change the total number of excitations. For
every site of the JCH model, we include a single-qubit rotation
Ry(0), a qumode displacement gate D(z), single-qumode
squeezing S(z), and a non-Gaussian blue sideband gate
BSB(z) (see Table I). Each of these gates can change the

100

4 n=1

Fidelity (%)

0.0 0.2 0.4 0

total number of excitations. By including the corresponding
parameters in the optimization procedure of the VQA, we
can generate approximately the correct number of excitations
of the ground state when Ny is not fixed. Figure 9 shows a
circuit diagram of the additional gates included in our VQA
per lattice site and layer for the JCH model with variable Ny.

For the numerical simulations presented in this section, we
employ again the extended PENNYLANE (version 0.35.1) [143]
implementation with the JAX extension (version 0.4.23) [167]
to evaluate the gradients. The optimization is performed using
SCIPY’s sequential least-squares programming method (ver-
sion 1.10.0) [168]. To explore the feasibility of our VQA, we
consider the following ranges of the JCH model parameters:
detuning A € [—4, 4] with w, = 1, nearest-neighbor qumode
coupling « € [0, 0.5], and qubit-qumode coupling strength
n = 1 (see also Ref. [22]).

We start by considering the ground-state preparation with
variable Nyy. To assess how well the VQA approximates the
ground state, we calculate the fidelity between the variation-
ally prepared state and the result using exact diagonalization.
For two states |1) and | x) the fidelity is defined as the overlap
F(¥), [x)) = [[{¥]x)]I%>. For each set of model parameters,
we perform the variational optimization and increase the num-
ber of layers up to at most 10 until we reach a fidelity of
F 2 90%. Note that here we include the variational circuits in

A

ja=) j=)

=~ >
Energy Gap

=
b

=
o

FIG. 10. Ground-state preparation of the JCH model using a qubit and qumode-based VQA. Each panel shows results for a grid of different
model parameters allowing for a variable number of total excitations N,. (a) Fidelity of the variationally prepared ground state. (b) Energy gap
between the ground and first excited state of the JCH model using exact diagonalization. (c) Expectation value of the total number operator of
the JCH ground state using exact diagonalization. (d) Reconstructed total number of excitations of the JCH ground state using the VQA.
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Figs. 6 and 9. Each qubit and qumode is initialized in the |0)
state. We present our numerical results in Fig. 10. Each panel
shows a two-dimensional histogram for the range of model
parameters listed above. The results for the fidelity are shown
in Fig. 10(a). Over a considerable range of the parameter
space, we achieve good results with F 2> 95% except for a
band centered around A =~ 0. The band where the fidelity of
the ground-state reconstruction is low widens almost linearly
for k 2 0.35. In order to better understand this behavior, we
plot the energy gap of the JCH Hamiltonian in Fig. 10(b) for
the same model parameters using exact diagonalization. We
observe a correlation between the parameter regions where
the gap is small and where the achieved fidelity of the VQA
is low. The performance of VQAs is known to degrade for
Hamiltonians with a small value of the energy gap [144].
Similar considerations apply, for example, to adiabatic state
preparation algorithms [153].

We now consider the expectation value of the total number
operator of the variationally prepared ground state. The results
using exact diagonalization are shown in Fig. 10(c). We ob-
serve that the total number of excitations for the chosen model
parameters is Nt < 5. As discussed above, since the number
of excitations of the ground state is not known a priori, it
needs to be reconstructed by the variational algorithm. We
note that obtaining the correct number of excitations is not
directly part of the objective function of the VQA. Instead,
the variational parameters are obtained by minimizing the ex-
pectation value of the Hamiltonian [see Eq. (29)]. The results
of the VQA for (Ntm) are shown in Fig. 10(d). Compared
to the result using exact diagonalization, we observe that the
VQA can reconstruct this observable for the chosen model
parameters even in regions with low fidelity.

Next we consider the ground-state preparation for fixed
values of the total number of excitations Ny,. Here we only
employ the Hamiltonian-based Ansatz [146] as illustrated in
Fig. 6. For various applications in fundamental particle and
nuclear physics this is the relevant case since it allows us
to isolate sectors of the Hilbert space with fixed quantum
numbers. By analyzing the Hamiltonian in Eq. (21), we ob-
serve that the spectrum can be degenerate for the parameter
range we consider. Generally, the level of degeneracy depends
on the choice of parameters. As an example, we consider
the case of k = 0 where the model decouples into M copies
of the single-site JCH model. For the Ny = 1 subspace,
the lowest energy is obtained by the configuration where a
single excitation is at any of the M decoupled lattice sites.
As a result, the Hilbert space is at least M-fold degenerate.
In contrast, the Ny, = 3 sector does not have this particular
degeneracy. The variational algorithm cannot differentiate be-
tween the states in a degenerate subspace. Since we cannot
compare to a single state when quantifying the fidelity of
the variational state preparation, we extend our definition of
fidelity to quantify the overlap of a variationally prepared state
with a set of degenerate states that span the subspace of the
Hilbert space associated with the ground-state energy. The
fidelity introduced above can be written as the expectation
value of the projector onto the state we are comparing to,
E(@), 1¥) = (¥1(¢)(@DI¥). Here |¢) and [) are the exact
eigenstate and variational state, respectively. The natural gen-
eralization to a degenerate subspace is to include more states

in the projection operator. For a given set of degenerate states
{|¢:)}, we define the fidelity as

E({lgn}. 1¥) = WI(Z |¢i)(¢i|>|1ﬁ>

=Y Fg), 1), (30)

i.e., it is the sum of the fidelities between or the modulus
square of the overlap of the variationally prepared state with
all the states in the degenerate subspace.

We consider the ground-state preparation for a total num-
ber of excitations of N = 1 and 3. For the initial state of
the variational algorithm, we choose |¢) = |000) ® |1 )
and |000) ® |111) for Ny = 1 and 3, respectively. These
states can be obtained by applying o* gates to the qubits.
We show our numerical results in Fig. 11 for the same model
parameters considered in Fig. 10. The obtained fidelities for
the two different values of N, are shown in Figs. 11(a) and
11(c). Overall, the VQA achieves very high values for the
fidelities over the entire parameter range. In Figs. 11(b) and
11(d) we show the energy gap for the two values of fixed
Nt~ Specifically, we plot the energy difference between the
lowest two, possibly degenerate, energy eigenvalues in the
fixed-particle-number sector of the Hilbert space. In general,
the gap is significantly larger compared to the case with a
variable total number of excitations [see Fig. 10(b)]. While
the gap for Ny = 1 is smaller compared to the case with
Nt = 3, the Hilbert space is sufficiently small such that the
achieved fidelity is close to 100% for the entire parameter. The
smallest gap observed in the considered region of parameters
is approximately 3.7 x 1072 for N, = 1 and approximately
2.2 x 1072 for N,y = 3. While the VQA also works well for
Nt = 3, we do observe that the fidelity slightly deteriorates
in the parameter regions where the energy gap is small. This
can likely be improved by including more layers in the Ansatz.

D. Qumode Wigner functions

The state of qumodes is often characterized in terms of
their Wigner functions. In this section, we investigate the
structure of the Wigner functions of the qumode ground states
of the JCH model. The Wigner function is given in terms of
the following integral over the position space wave function
[see Eq. (3) above]:

1 .
W(x, p) = ;[dyllf*(x+y)lﬂ(x—y)€2’py- 3D

The Wigner function is a quasiprobability distribution since
it is normalized to unity upon integration over x and p. How-
ever, it can be negative, which distinguishes it from classical
probability distributions. The Wigner function was introduced
as a quantum analog to classical phase-space distributions. In
the context of fundamental physics and hadron structure, see,
for example, Refs. [169,170]. Generally, the more negative
the Wigner function is, the “more quantum” a state is. The
negativity § is defined as the integral over the volume of the
negative part of the Wigner function [171]

1
5— E/dxdp[W(x, p)— WG, )l (32)
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FIG. 11. Ground-state preparation of the JCH model using a qubit and qumode-based VQA. Different from the results in Fig. 10, we limit
ourselves here to a fixed total number of excitations M. (a) Fidelity of the variationally prepared ground state for Ny = 1. (b) Energy gap
between the ground and excited state of the JCH model for the N, = 1 subspace. (c) and (d) Same as (a) and (b), respectively, but for N, = 3.

which represents a measure of the nonclassicality or so-called
quantumness of a given state. Typically, states that exhibit a
large negativity are relatively difficult to prepare. In Fig. 12
we show the average negativity of the qumodes corresponding
to the lowest-energy state of the JCH model with N = 3 for
the same range of model parameters as in Fig. 11. For a wide
range of the parameter space, the Wigner function is Gaussian,
resulting in a vanishing negativity § = 0. Only in the lower
left region of the plot (A <0 and « < 0.2) do the Wigner

| | | =
S o o ©
w [N —_

|
=
IS

Average qumode negativity

|
o
én

functions exhibit a nonzero negativity. The Wigner functions
of the central qumode of the lattice system are shown in
Figs. 12(b)-12(d) for three sets of model parameters (k, A) =
(0, —4), (0.1, —0.8), and (0.4, 2.4), as indicated in Fig. 12(a).
Figure 12(d) shows a Wigner function that closely resembles
a two-dimensional Gaussian surface and it is positive definite.
The Wigner functions shown in the Figs. 12(b) and 12(c) dis-
play a nontrivial behavior where their surfaces dip to negative
values at the center. This dip is more pronounced in Fig. 12(b),

W(x,p)

FIG. 12. (a) Average negativity of the qumodes for the three-site JCH model ground state with N,,, = 3 for different values of the model
parameters. Also shown are the Wigner functions for the central mode for three representative points of the model parameter space as indicated
in(a): (b)k =0and A = —4.0,(c)x =0.1and A = —0.8,and (d)x =0.4and A =2.4.
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indicating that it corresponds to the most quantum state of the
three exemplary Wigner functions of the JCH ground states
shown here. The negativity is introduced by non-Gaussian
gates, which is the RSB gate in our case.

IV. CONCLUSION AND OUTLOOK

In this work, we explored the feasibility of realizing a
hybrid quantum computing approach using both qubits and
qumodes with trapped-ion platforms. Qubits can be realized
using, for example, the hyperfine states of the trapped ions
allowing for high gate fidelities and long coherence times.
While trapped-ion-based qumodes have remained relatively
unexplored, they can be realized using the collective vibra-
tional modes of the ion chain. Given their relatively short
coherence time, qumode operations currently represent the
main bottleneck for the hybrid qubit and qumode quantum
computing paradigm explored in this work. Using represen-
tative device parameters of existing trapped-ion platforms, we
performed simulations to estimate the times and fidelities of
a representative set of hybrid gate operations. In addition,
we explored different measurement protocols for continuous-
variable and hybrid operators. Our results indicate that it is
already possible to carry our small-scale simulations using
existing trapped-ion platforms such as the Quantum Scien-
tific Computing Open User Testbed [172], motivating further
developments in this direction. In addition, we expect that it
is possible to further extend the current list of hybrid gates
considered in this work.

The use of hybrid quantum computing involving
both discrete and continuous variables may extend the
reach of quantum simulations relevant to, for example,
condensed-matter and fundamental particle and nuclear
physics. As a first step in this direction, we considered
quantum simulations of the Jaynes-Cummings-Hubbard
model, which is a representative example of a lattice model

that can be naturally mapped to qubits and qumodes. It
consists of a one-dimensional lattice involving interacting
spin and boson degrees of freedom. We explored the
Trotterized time evolution of this system using the hybrid
gate set described above and studied, for example, the
entanglement between the spin and boson degrees of freedom.
In addition, we developed suitable variational algorithms that
mimic the structure of neural networks to prepare the ground
state of the JCH model. We considered both the case where
the total number of excitations N,y is variable and fixed, i.e.,
limiting the state preparation to a certain subspace of the
total Hilbert space. The JCH model shares similarities with
quantum field theories involving fermion, scalar, and gauge
field degrees of freedom, making it a natural starting point
for further explorations of hybrid quantum simulations in the
context of fundamental physics, which will be addressed in
future work.
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