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We experimentally realize trigonometric continuous-variable gates on a trapped-ion processor,
for which a motional mode acquires a phase proportional to the cosine of its position quadrature,
and, for the first time, implement the two-mode generalization, coupling two modes through a
single nonlinear phase. Such gates provide an experimentally accessible, nonpolynomial primitive
for periodic interactions acting on both compact and noncompact degrees of freedom, including
rotor models, sine-Gordon-type systems, and lattice gauge theories. Scanning gate strength, spatial
frequency, and circuit depth, we resolve via blue-sideband spectroscopy the parity selection rule that
fingerprints the exact cosine evolution, and find that an open-system model incorporating residual
thermal occupation and motional dephasing reproduces the data. We then derive the asymptotics
of the Wigner negativity generated by these gates and find three scaling regimes. The negativity
is beyond all algebraic orders in the gate strength while the negative regions sit in far phase-space
tails, becomes linear once they reach the bulk, where it saturates a first-order bound we establish,
and logarithmic at strong gate strength. These results expose a general mechanism, first identified
here through the cosine gate, by which every finite-order perturbative estimate of a non-Gaussian
resource can vanish even though the resource itself remains nonzero. Together, our results establish
trigonometric gates as controllable, experimentally realizable building blocks for bosonic quantum
simulation, expanding the class of nonlinear dynamics accessible to continuous-variable quantum
processors.

I. INTRODUCTION

Continuous-variable (CV) quantum systems provide a natural computational language when the physical
degrees of freedom are intrinsically bosonic. Rather than encoding oscillator states into qubit registers,
hybrid CV—discrete-variable (DV) architectures can manipulate bosonic modes directly while using ancillary
qubits for control, nonlinear operations, and readout [1, 2]. Such architectures arise naturally in trapped
ions, superconducting circuits, and cavity-QED platforms, where coherent qubit—oscillator interactions and
conditional phase-space displacements are experimentally available [3—12]. Such hardware natively sup-
ports entangling qubit-oscillator interactions, sideband couplings, spin-dependent forces [13], programmable
phononic networks [14], and non-Gaussian resources [15, 16]. This combination is particularly attractive
for quantum simulation, where bosonic modes can represent oscillators, phonons, scalar fields, or gauge
degrees of freedom without first introducing a finite-dimensional encoding, complementing qubit encodings
of fermionic and spin degrees of freedom [17, 18] in lattice field theories and related lattice models [19-42],
in molecular and vibrational quantum dynamics [12, 43-46|, and in the quantum Rabi model [47]. Hybrid
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instruction sets and compilation strategies have further been developed for quantum simulation, error cor-
rection, and quantum algorithms [6, 11, 48-50], with bosonic error-correcting codes such as GKP, cat, and
binomial encodings [8, 51-53] realized experimentally across several platforms [9, 54-56].

A central question for these architectures is which nonlinear CV operations should be treated as elementary
primitives. Conventional formulations of CV universality are usually expressed in terms of polynomial
functions of the canonical quadratures & and p. Gaussian operations, generated by Hamiltonians at most
quadratic in the quadratures, together with a suitable non-Gaussian interaction provide a universal set [57—
59]. Polynomial nonlinearities are natural for many applications, but they are not always well matched to
the structure of the target Hamiltonian. Periodic interactions arise directly in rotor models, sine-Gordon-
type systems, compact lattice gauge theories, Josephson physics, and other problems involving compact or
angular degrees of freedom. Representing such globally periodic structure by a truncated polynomial can
require increasingly high order as the relevant phase-space region grows. There is also a structural difference.
The lowest-order polynomial nonlinearity, the cubic phase gate, is unbounded from below and must itself be
stabilized by a higher-order term whose error accumulates under repeated application [60]. A trigonometric
generator is bounded by construction, and repeated application stays within the same one-parameter family.
Trigonometric CV gates therefore provide an alternative primitive adapted directly to this periodic structure.

In this work we consider the elementary phase gate

U(G,C) — e—i@cos(ci) (1)
and its multimode generalization
U2(6;¢1,c0) = e cos(crditeada), (2)

The gate strength 6 controls the accumulated nonlinear phase, while ¢ sets its spatial frequency in phase
space. Through the Jacobi-Anger expansion, Eq. (1) can equivalently be viewed as a coherent infinite
superposition of momentum displacements,

e—iG cos(ci) _ Z(_i)ka(e)eikci, (3)

keZ

revealing a structure that is intrinsically nonpolynomial and particularly well suited to hybrid qubit—-qumode
control.

Trigonometric gates were introduced as theoretical and compilation primitives for hybrid CV-DV quantum
processing in Refs. [61, 62]. These works developed a Fourier-like alternative to polynomial CV synthesis and
showed how periodic nonlinearities can be constructed from qubit-controlled phase-space operations. Such a
gate has very recently been demonstrated on a trapped-ion platform and used to synthesize a programmable
double-well potential [63], and related work has realized non-Gaussian operations from engineered spin—
motion couplings [64]. In Ref. [63] the trigonometric gate appears as a compilation layer: a single spatial
frequency and a single gate strength are used, and the free parameter is the Fourier phase that tilts the well.
The present work is complementary and operates at the level of the primitive. We isolate the cosine gate
itself, map its behavior across gate strength, spatial frequency, and circuit depth, extend it to two motional
modes, and analyze the non-Gaussian resource that it generates.

Acting on the vacuum, the cosine gate produces a pure non-Gaussian state for every nonzero 6, so by
Hudson’s theorem its Wigner function must acquire negative regions. How much negativity is generated,
and whether it is accessible to perturbation theory, is the subject of Sec. III, where we quantify it by the
mana, the Wigner logarithmic negativity of the state. We find three scaling regimes. Two occur at weak gate
strength and are distinguished by the spatial frequency c. At small ¢ the negative regions appear far out in
the phase-space tails, receding to infinity as § — 0, and the mana is suppressed beyond every algebraic order
in 8. Thus an arbitrarily weak nonlinear gate generates Wigner negativity that no finite-order expansion
about the Gaussian limit can detect. At larger ¢ the negative regions instead reach the bulk of the state and
the mana grows linearly with 6, saturating a first-order bound that we establish. The third regime occurs
at strong gate strength, where the mana grows logarithmically.



Closed-form phase-space results of this kind were previously available only for low-order polynomial gates.
The cubic and quartic phase gates act on the Wigner function as an Airy transform [60], but this construction
does not extend to the nonpolynomial generator considered here. In our analysis its role is played by the
Bessel resummation developed in Sec. ITC. Ref. [60] also showed that a nonlinear phase gate produces Wigner
negativity at any nonzero gate strength, while noting that the resulting negative volume is vanishingly small
and difficult to resolve numerically. Here we make that observation quantitative and provide the rate.
The mechanism is not specific to the cosine gate. It applies to any weak non-Gaussian phase acting on a
Gaussian state, so perturbative estimates of non-Gaussian resource generation can vanish to all orders while
the resource itself is nonzero.

We realize these gates using collective motional modes of trapped '"'Yb™ ion chains on the Quantum
Scientific Computing Open User Testbed (QSCOUT). Conditional phase-space displacements generated by
spin-dependent forces, together with rotations of an ancillary gate qubit, produce finite-step approximations
to Eq. (1). Increasing the number of steps systematically approaches the ideal trigonometric evolution,
while measurement of the gate qubit provides a natural herald for leading finite-step errors. We characterize
the resulting motional states through blue-sideband spectroscopy and, for a representative operating point,
through a phase-sensitive measurement of the characteristic function. We study the dependence on gate
strength, spatial frequency, and circuit depth and compare the observations with finite-step simulations
incorporating residual thermal occupation and motional dephasing. We also implement the two-mode gate
in Eq. (2), and the measured mode-resolved populations are consistent with the predicted coupled nonlinear
evolution.

Our results combine an experimentally accessible nonpolynomial CV primitive with an analytically con-
trolled description of how its non-Gaussian resources emerge. Two of these results are new in kind. First,
the two-mode gate of Eq. (2) couples two motional modes through a single nonlinear phase and obeys a
total-parity selection rule that distinguishes it from independent single-mode gates. Second, the weak-angle
analysis establishes a sharp bound on the resource extractable at first order in the gate strength. These
results make trigonometric phase gates a practical non-Gaussian primitive for continuous-variable quantum
processing and for quantum simulation of systems with intrinsically periodic or compact degrees of freedom.

The remainder of this paper is organized as follows. Section II develops the exact Fock-space and phase-
space structure of one- and two-mode trigonometric gates. Section III analyzes their Wigner logarithmic
negativity, covering tail nucleation, resolved-displacement linear response, and stationary-phase growth.
Section IV describes the QSCOUT implementation, finite-step construction, postselection, and multimode
extension. Section V presents the experimental measurements and comparison with open-system simulations.
We conclude in Section VI with implications for non-Gaussian CV processing and periodic bosonic quantum
simulation. Detailed derivations of the weak-angle and stationary-phase asymptotics, finite-step convergence,
ancilla constructions, and experimental analysis are provided in the Appendices.

II. TRIGONOMETRIC CONTINUOUS-VARIABLE GATES

In this section, we present analytical results for the matrix elements of trigonometric gate primitives and
the associated characteristic and Wigner functions.

A. One-mode cosine gate and exact Fock-space structure

While the argument of the trigonometric gates introduced in [61] can, in principle, be any Hermitian
operator fl, we limit ourselves in this work to the case where A is a linear function of the quadratures.
When A is linear in the quadratures, i.e. A=c- Q with ¢ € R?V and Q = (%1,...,2N,P1,---,0n)7T, the
exact cosine gate can be regarded as an infinite series of displacements, where each is weighted by a Bessel
function. The relevant examples for this paper are the simplest cases involving the cosine of one or two
position quadratures. In terms of operators, we have Aj_mode = ¢ and As mode = € - &, with ¢ = (c1,¢2)



and & = (&1,%2). The generalization to more than two modes is straightforward. Throughout we use the
displacement and conditional-displacement operators

D(a) = eadf_a*d7 CDyo(a) = e(a&T_O‘*d)@""’, @

where n denotes a Bloch vector and o = (X,Y, Z). Starting with the single-qumode case, we consider the
trigonometric gate unitary e~ °s(¢?) - After applying the Jacobi-Anger expansion, we find

e—iG cos(ci) _ Z(_i)kjk(e)eicki

kEZ
=5 (i) ik—) .
_ICEE:Z( )Jk(a)D<kﬁ) ()

Here, Ji are Bessel functions and D are displacement gates, see Eq. (4). The Fock matrix elements of
the displacement operators are well known, see Ref. [65]. From these, we directly obtain the Fock-space
transition matrix elements of the one-qumode cosine gate, which are given by

(] €05 ) = 37 (=i} Jy(0) (] €42 )

kEZ

(6)

where Lg\?) (z) are the generalized Laguerre polynomials of degree N with parameter «. Non-vanishing
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FIG. 1: Wigner function of the single-qumode cosine gate acting on the Fock vacuum state |0) for different
values of § = 0,0.8,3 and fixed parameter ¢ =1 (upper row), ¢ = 2 (lower row).

matrix elements exist when m and n have equal parity, as can be seen directly from the coordinate space
representation

(il =95 o) = [ Qi () a)e 0, ™



where

e
Yn(@) = Zomme” ¥ Halx), (8)

is the wave function of the n-th Fock state. From Eq. (6), we also find the survival/transition probabilities
Pm(—n(ea C) = |<m| 67i0 cos(ci) |n>|2 _

, o2 (12452 3 |
S () () T ()i (e e il )t
k& €Z

2Lk IminlL(Im*N\) 2k2 L(Im*nl) 2L2
9 min(m,n) 2 min(m,n) 2 '

For the experimental measurements discussed below, we specifically focus on the case n = 0. The calcu-

max(m,n)! (9)

lations simplify considerably because L(()m) (#) = 1. Thus, we obtain

Pm<—0(97 C) =
0, m odd,
2m 252 2 10
gfnml \ ST (=DEFTI0)e TR, m even, (10
©kez

so that the only non-vanishing probabilities are obtained for even m.

B. Multimode generalization and parity structure

Next, we consider the two-qumode extension of the cosine gate. Mirroring the results of the single-mode
case, we can once again regard the ideal gate as an infinite sum of displacements

efiG cos(cd) _ Z(_i)kjk(g)eiclkileiCQka‘cz
kEZ

> (=) u(6) : . "
= —1)"Jr(0) Dy (zk) Dy <zk) ,

rez V2 V2

with each mode getting displaced independently. The matrix elements in the two-mode Fock basis read

—16 cos(c1&1+cada

(ma] (male V1) ng)

ZZ(—i)ka

keZ

=> (=i)*J

kEZ

mg— 21.2
% z% | L(lfnj—"jl) Cjk
\@ min(m;,n;) 2 .

Similar to Eq. (10), in this work, we are primarily interested in the Fock vacuum initialization where |n;) =
|na) = 10). In this case, the transition probabilities simplify to

Pml,zeo(@vc)

my| 5% n;)
c?k
7

min(mgj, n;)! (12)

o
]S
@) ]]e
j=1

n;|

max(m;,n;)!

2,2 2
B Ak e~ Cj4 ﬁ My (13)
— kzez( i) J,C(a)j];[1 N (Zﬂ)



The only non-vanishing probabilities are obtained for (—1)™ ™2 = 1. The total Fock parity must be the
same as that of the initial state.

C. Phase-space representation
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FIG. 2: Wigner function of the single-qumode cosine gate acting on the Fock state |1) for different 6 values
and fixed parameter ¢ = 2.

We can also obtain an analytical expression for the Wigner function of a given Fock state evolved under a
single-quadrature cosine gate. We consider the n-th Fock state |n) as the initial state and evolve it with the
cosine gate exp(—if cos(c#)). In position space, the evolved wavefunction is 1, (x; 6, c) = b, (z)e~ 0 0s(cz)
with 1, given in Eq. (8). The Wigner function is defined as

Wiz, p;0,c)
:% O;dyeipyl/): (m+%;9,c) Py (z—%;@,c). (14)

After some algebra, we find

2

1
Wi(z,p;0,¢) = o Z"n'\f Z Ji (20 sin(cx)) x
(15)
/dyeiy(p_kc/2 e_yTHn (x - Q) H, (a: + 7> .
2 2
For later convenience, we also consider the characteristic function
Xn (2,050, c)
16
/ due” Zumw ( B,G,C) ¢1’L <’U,—E,9,C> ) ( )
2 2
which is related to the Wigner function by the Fourier transform
Xn(z, p; 0, c)
= / / dudv e =PI, (4, 0:0,¢) . (17)
— 0o — 00

Zero Fock state (n = 0): Using the Fock ground state |0) as the initial state, we obtain the following result
for the Wigner function

Wo(x,p;ﬁ,c)

2 18
—(p—ke/2) J (20 sin(cx)). "

kEZ



In Fig. 1, we show numerical results for the Wigner function for different values of # and representative
choices of the parameter, ¢ = 1 and ¢ = 2. The non-polynomial evolution produces wave fronts that “collide”
with the initial Gaussian peak centered at the origin. For ¢ = 1, this collision resembles the evolution of a
rotating squeezed state and produces only limited negativity. However, already for ¢ = 2, the number of wave
fronts encountered by the Gaussian state increases, and the collision rapidly deforms the state, generating
large peaks and troughs. This behavior is quantified systematically in Sec. III. For an analogous cosine gate
involving the momentum quadrature, the wave fronts would approach the central Gaussian peak horizontally
instead of vertically.

First excited Fock state (n = 1): We obtain

Wl(x7p; 07 C)

= 21‘2 + 2p2 - W, (x,p;@,c)Jr
( 1) Wo (19)

2.2
)7 Jr (20 sin(cx)) (k; - 2k‘cp) .

keZ

In Fig. 2, we show representative examples for ¢ = 2 and several values of 6. As in the previous case, the

action of the cosine gate can be viewed in terms of incoming wave fronts. A key difference is that the initial

n = 1 Fock state already has a rotationally symmetric Wigner function with regions of negativity.
General Fock state n:

Wh(z,p:6,c) = e” Ze_(p_kC/Q)ZJk(QHSin(cm))
kEZ
x (=1)"L,[2(x* + (p — ke/2)%)], (20)

where L, (x) are the usual Laguerre polynomials. Its explicit form can be obtained from Eq. (15). Setting
6 = 0 or ¢ = 0 naturally recovers the well-known Wigner function of the n-th Fock state. Similarly, the
characteristic function is found to be

. C2 p2
Xn(z,p;0,¢) = ZJk<2981n< )) - gt

keZ

X Ly, <("T+kc2)2+p2> . (21)

As a result, even for ¢ # 0 and 6 # 0, the state has definite Fock parity and consequently satisfies the
phase-space self-dual relation

xT
Xalapi0.0) = m(=1)"W, (5, ~Z6.¢) . (22)

III. NON-GAUSSIAN RESOURCE DYNAMICS
A. Wigner negativity and mana

We now quantify the non-Gaussian resources generated by the trigonometric phase gate. We focus on the
Fock vacuum |0) as the input state. Its Wigner function is Gaussian and everywhere nonnegative, so any
Wigner negativity observed after the evolution

|¢9> — e—iecos(ci) |O> , (23)

is generated entirely by the nonlinear gate. For a normalized Wigner function W (z, p), we define the Wigner
L1 norm as

W= [~ e [ apwep, (24



and the corresponding Wigner logarithmic negativity [66], or mana, as
M(0,¢c) =In|[|W(z,p;0,0)|; . (25)

Since [dzdpW = 1, an everywhere nonnegative Wigner function has ||[W|j; = 1 and hence M = 0.
Equivalently, introducing the total negative Wigner volume

Nw = —/ dx dp W (z, p; 6, c), (26)
W<0
one has

Wy =1+ 2Ny, M =1In(1+2Ny). (27)

Thus M provides a global measure of the negative phase-space volume generated by the gate. Throughout
this section Woy(z, p; 0, ¢) denotes the evolved vacuum Wigner function of Eq. (18), and we write

2 2

1
anc(l‘7p) = Wo(x,p;(),c) = ;e P ) (28)

for the unevolved Gaussian.

Equation (18) makes clear that the action of the cosine gate is qualitatively different from that of a
finite-order polynomial phase operation. Each Bessel order contributes a Gaussian component displaced
to p = ke/2, and their coherent interference generates the oscillatory phase-space structures and negative
regions visible in Fig. 1. The dependence of the resulting negativity on the gate strength is nontrivial, and
two distinct questions arise. First, how does negativity appear when an arbitrarily weak nonlinear gate is
applied to an initially Gaussian state? Second, once the phase 6 cos(cz) becomes rapidly oscillatory, what
determines the asymptotic growth of the integrated negativity?

The first question does not have a single answer, because the weak-angle limit is not uniform in the spatial
frequency. The k& = +1 terms in Eq. (18) carry Bessel weight Ji1(20sincxz) = O(#) but are displaced to
p = £c¢/2, where the k& = 0 Gaussian has already decayed to e=<’/4. The weak-angle behavior is therefore
organized by the size of |0| relative to (o (0)6_02/4, where (p(c) is defined in Sec. IIIB and tends to unity at
large c. Two regimes result. They share the weak-angle derivation of Sec. III B, but the mechanisms they
describe are different and we keep them distinct throughout.

Tail nucleation (|6 < (o(c)e=<"/4): the displaced components are subdominant everywhere in the bulk,
and the first sign change of the Wigner function is pushed out to |p| ~ ¢~ 11In(1/]0]). The resulting mana is
nonperturbative in the gate strength and beyond all algebraic orders in 6.

Resolved-displacement linear response ((0(0)6_02/ 4 <« 10| < 1): the displaced components dominate
the undisplaced Gaussian on a region of nonzero measure, the negative lobes sit in the bulk, and M ~ k(c)|0|
grows linearly.

The second regime is a window, not an expansion about 6 = 0. At any fixed finite ¢ the ratio [8]e<"/4 /¢y (c)
tends to zero as § — 0, so the ultimate small-angle asymptotics is always the beyond-all-orders behavior,
and the linear law is not the leading term of a Taylor series for M. The width of that window grows with c.
From Table I, the crossover 40(0)6_02/4 exceeds unity at ¢ = 0.5 and ¢ = 1, so the entire range |0 < 1 lies in
the tail-nucleation regime, whereas at ¢ = 10 the crossover is 1.4 x 10~!! and every accessible gate strength
lies in the linear-response window. The two are the noncommuting limits recorded in Eq. (46).

In the opposite limit the Wigner integral becomes rapidly oscillatory and admits a semiclassical stationary-
phase description. When regular nondegenerate stationary regions dominate, Sec. III C shows that

M= 2 Info] +0(). (29)

The three regimes arise from physically different phase-space mechanisms. The spatial frequency c plays an
important role in all of them: it controls the separation of the momentum-displaced components in Eq. (18),
the location of the first negative regions and the crossover between tail nucleation and linear response, and
the onset of the semiclassical regime at strong coupling. Figure 3 summarizes the resulting behavior and
compares exact numerical evaluation of Eq. (18) with the asymptotic results derived below.
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FIG. 3: Mana M of the Fock vacuum evolved under the cosine gate, for ¢ = 0.5,1,2,3, 5,10, obtained
from Eq. (18) as described in Appendix A 5. Left: the two weak-angle regimes, with the first-order bound
Eq. (45) at its maximal coefficient x(c) — 4/m dashed. The inset extends to |§] = 10~ on logarithmic axes,
where the crossover || = Co(c)e_cz/ 4 of Eq. (41) separates the two. Right: stationary-phase growth, with
the asymptotes 1 In || + InI(c) of Eq. (53) dash-dotted where Eq. (52) holds, and triangles at the onset
0] = 32/c.

TABLE I: Constants entering the asymptotic results of this section, for the spatial frequencies of Fig. 3.
Here (p is the smallest positive zero of H., A. = —c{oHL (o), C(c) is defined in Eq. (42) and x(c) in Eq. (44).
The last three columns bound the three regimes in 6: the crossover (e~ /4 of Eq. (A24), the onset 32/c?
of Eq. (52), and the offset I(c) of Eq. (53).

c Cole) Ae C(e) k(c) Coe= /4 32/ct I(c)
0.5 4.3247 0.0067 2.8 %1077 0.150 4.1 5.1 x 102 0.074
1 1.7417 0.4193 2.0 x 1072 0.499 1.4 32 0.268
2 1.0781 1.8448 4.0x 107t 1.060 4.0 x 1071 2.0 0.716
3 1.0056 2.9832 8.2x 107! 1.230 1.1 x 107t 4.0x 1071 0.980
5 1.0 5.0 1.78 1.273 1.9 x 1073 5.1 % 1072 1.224
10 1.0 10.0 5.03 1.273 1.4 x 1071 3.2x 1073 1.313

B.

Weak-angle asymptotics: tail nucleation and linear response

It is convenient to extract the overall Gaussian from Eq. (18) using e~ (P—ke/2)* — e_pze’“p_kzcz/‘l7 giving

WO(xap;07C) = anc(1'7p) G($7p;9ac)7 (30)

with the sign function

G(z,p:0,¢) = Ju(20sin(cx)) eFer—He/4,
kEZ

(31)
Since Wy, > 0, the negative regions of the Wigner function are exactly the regions where G < 0. At every

fixed point (x,p) the expansion

Wo(z,p: 0, ¢) = Waae(z,p) + 0 WD (2,p) + O(6?), (32)



is an ordinary power series, with

W(l)(.T,p) — ¢ Sin(cx) |:e_(p_c/2)2 _ e_(P+C/2)2:| . (33)
On any fixed compact set the Wigner function is therefore positive for sufficiently small 6, and since
[ dxdp W@ = 0 there is no ordinary O(0) contribution to the L; norm from any fixed region of phase
space. The relevant question is instead where W (1) overwhelms Wyae. From Egs. (32)-(33) this happens
once the natural tail variable

¢ = |0sin(cz)| elPl=¢"/4, (34)
is of order unity. Taking || — 0 and |p| — oo with ¢ fixed resums all relevant Bessel orders and gives

(_C)ke—%k(k—l). (35)

G~ Hc(<)> HC(C) = k!

[M]8

k=0

The derivation is given in Appendix A. Equation (35) resums infinitely many Bessel orders even though 6
is arbitrarily small. Keeping only Jy and Jy; suffices in the linear-response regime alone. Let (o(c) denote
the smallest positive zero of H.. The first sign change of the Wigner function then occurs at

=P - %ln | sin(cx)|, "

with the z-independent term

P(0,¢) = % [m(c"’éf)) + fj] . (37)

At fixed ¢ one has |pg| ~ ¢ 11In(1/]0]) as @ — 0: the first negative regions do not develop perturbatively in
the high-probability Gaussian core, but nucleate in increasingly remote momentum tails as the gate strength
is reduced.

The integrated negativity is controlled by the competition between the growth of —H,. beyond its first
zero and the Gaussian factor e=?°. Writing Ip| = po(x) + v and using —H.(¢pe™) ~ (Ac/c)(e™ — 1) with

Ae = —cGo(e) He[Go(e)] > 0, (38)

the momentum integral can be done in closed form, and the negative Wigner volume becomes

24, [
eM=1+ P / dze ™ Flpo(z),c] [1+ O(Pfl)] , (39)
with F given in Eq. (A21). This single quadrature is uniformly valid across the weak-angle region and
reproduces both regimes introduced in Sec. IIT A. Its structure is transparent: the Gaussian-weighted integral
defining F has a saddle at

c

* — 5 ) 4
U 5 ~ Do (40)

which is pinned at the edge of the negative lobe when pg > ¢/2 and detaches from it when py < ¢/2. Since
po(x) > P, with equality at the maxima of |sin(cx)|, the crossover between the two regimes is at ¢ = 2P,
ie. at |0] = Co(c)e*52/4.

Tail-nucleation regime (¢ < 2P): Here F — (c¢/4)e~P3 /p2, and Laplace evaluation of the z integral
about the maxima of | sin(cx)| gives

M ~ C(c) P32 P, (41)
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with

Cle) = —,;j; GoleVMLIGo ()] V2(0,7/<") >0, (42)
where 15 is the second Jacobi theta function. The relative error is O(P~1!), only logarithmically small, so
Eq. (41) fixes the exponent but not the prefactor. Appendix A 3 quantifies the correction and resums its
leading part in Eq. (A29). Equation (41) implies that at fixed ¢

M =0(0]") for every fixed n > 0, (43)

so that in this regime no finite-order perturbative expansion about § = 0 can capture the onset of Wigner
negativity. The suppression is log-Gaussian, In M = —In*(1/|6|)/c* + O[In(1/|])].

Linear-response regime (¢ > 2P): Here the saddle Eq. (40) lies strictly inside the negative lobe,
F — /7|0sin(cx)| /o, and Eq. (39) collapses to ordinary linear response,

M= k(@)]0],  x(e) = [WOs. (44)

The coefficient follows in closed form from Eq. (33) and is given in Eq. (A38). It increases monotonically
with ¢ towards 4/, see Table 1. Because Wy,e > 0 everywhere and [(Wy — Wyae) = 0, the negative part
of Wy — Wyae carries half of its L; norm and dominates that of Wy, so My < %HWO — Weacll1- Since
M =1In(1 + 2N ) increases with Ny, this gives, for every c,

M(0,¢) <In[l + k(c) 0] = k(c) 8] + O(6?). (45)

Equation (44) shows that this bound is attained, so x(c)|6] is the maximal Wigner negativity obtainable at
first order in the gate strength, and Eq. (41) measures how far below that maximum the cosine gate operates
when c is small. The two regimes give a precise, and non-monotonic, answer to how ¢ controls the accessible
resource. At fixed |0], increasing ¢ reduces the phase-space distance P to the first negative lobe and produces
an extremely rapid, log-Gaussian growth of M, but this growth terminates at ¢ ~ cx = 24/In({p(c)/|6]),
beyond which the mana saturates at the linear-response value x(c)|0] — 4]6|/7. Eq. (41) is not valid past
this point: taken literally it is non-monotonic in ¢, since P = ¢~ In(¢o/|0|) + ¢/4 passes through a minimum,
and at ¢ = 10 it underestimates the true mana by more than two orders of magnitude. Both behaviors are
visible in the inset of Fig. 3.

For any ¢ # 0 and 6 # 0 the state |1p) = e~?<5(¢®) |0) is pure and non-Gaussian and must therefore
possess a Wigner-negative region. In the tail-nucleation regime this is reconciled with the pointwise positivity
of Eq. (32) by the fact that the negative region escapes to |p| — oo as @ — 0: the limits |#| — 0 and |p| — oo
do not commute. In the linear-response regime no such subtlety arises and the negativity is visible already
at first order. Correspondingly, the limits || — 0 and ¢ — co do not commute either,

4
lim lim M =0, lim lim M =—. (46)
c—00 60 |6 §—0 c—oo |0 m

C. Stationary-phase growth at strong gate strength

We next consider the opposite regime, where the phase imprinted by the trigonometric gate becomes rapidly
oscillatory. In this limit the Wigner function admits a semiclassical description in terms of stationary-phase
trajectories. The resulting behavior is qualitatively different from the two weak-angle mechanisms above.
For a general single-coordinate phase gate

U(9) = e 1@, (47)

acting on a pure Gaussian input, rescaling the momentum as p ~ fv writes the Wigner function as an
oscillatory integral K(z) [dy A(y)e®® over smooth Gaussian envelopes K and A, with rapidly varying
phase

@(y;x,v):vyﬁ-f(x—i-%)—f(a:—g>, (48)

11



and stationary points at f'(z+y/2)+ f'(x —y/2) = —2v. In a regular phase-space region where the relevant
stationary points are isolated and nondegenerate, 85@(34*; x,v) # 0, standard stationary-phase theory gives
W = O(|f|~"/?). At the same time, the momentum rescaling implies dzdp = || dz dv, so that a regular
stationary region contributes [ dxdp|W| ~ |0]|*/? to the Wigner L; norm. Provided such regions occupy
nonzero measure and their leading phase-averaged contribution does not vanish, one obtains

M(6) = %ln\9| + o). (49)

The full stationary-phase derivation, including multiple stationary branches and the conditions required for
Eq. (49), is given in Appendix B. Degenerate stationary points require separate treatment. In particular, the
phase generically develops fold caustics at which 0,® = 85 ® = (. Near such points the ordinary stationary-
phase approximation is replaced by a uniform Airy approximation. Although the Wigner amplitude is then
enhanced locally to O(]f|~'/3), the corresponding caustic layer has width O(|#|~2/3), so that its integrated
contribution to the Wigner L; norm is only O(1). Generic fold caustics are subleading compared with the
O(\/@ ) contribution from regular stationary regions. Higher degeneracies can lead to different local scaling
and must be analyzed separately. For the cosine gate, f(x) = cos(cz), the phase becomes

O(y; z,v) = vy — 2sin(cz) sin (%) , (50)

with stationary points at v = ¢sin(cx) cos(cy/2) and curvature 9, ® = % sin(cz) sin(cy/2). The cosine phase
possesses extended regions of regular nondegenerate stationary points for any ¢ # 0, and its caustics, at
yn = 2mwn/c, are generically of fold type except at the isolated values of « for which sin(cx) = 0. The Gaussian
envelope of the initial state exponentially suppresses distant stationary branches, so that the stationary-phase
expansion remains controlled. The meaning of “large gate strength” must be made quantitative, since |6] > 1
is not by itself the relevant condition. Writing

2,.2 4.4

CcC™T C°T
... 1
Y , (51)

Ocos(cx) =6 |1 —

the constant and quadratic terms generate a Gaussian unitary and contribute no Wigner negativity at all.
The leading non-Gaussian phase is fctz*/24, and the semiclassical regime requires it to be large over the
support of the vacuum. With (x%) = 3/4 for Wy,., this gives

32
o> 2 (52)
a far more stringent condition than |#] > 1 at small spatial frequency: |0 = 2 suffices at ¢ = 2, but
|0] 2 5 x 10% is required at ¢ = 0.5. This is confirmed by the numerical results in the right panel of Fig. 3.
Consequently, in this regime the cosine gate exhibits e ~ I(c) \/m , where I(c¢) is a nonuniversal coefficient
determined by the Gaussian input and by interference among the contributing stationary branches. It is
evaluated in Appendix B and listed in Table I, saturating slowly as ¢ increases. Equivalently,

M= %mw\ +InI(e) + o(1). (53)

The logarithmic growth in Eq. (49) is not a consequence of unitarity alone, nor an upper bound on arbi-
trary single-mode non-Gaussian operations: a quadratic f generates a Gaussian unitary, for which M = 0
identically. It characterizes the semiclassical regime in which regular stationary-phase regions dominate the
Wigner integral for a nonlinear single-coordinate phase gate, and Appendix B states the conditions precisely.

IV. TRAPPED-ION REALIZATION
A. QSCOUT bosonic modes and native interactions

In this section, we detail the experimental configuration and the specific parameters of the trapped-ion
platform used to implement the trigonometric gates. The experiments were performed in a small register of
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trapped '"'Yb" ions in the Quantum Scientific Computing Open User Testbed at Sandia National Labora-
tories [67]. An N-ion chain consists of up to 3N motional degrees of freedom, N eigenmodes in the axial
direction, and N in each of the two orthogonal radial directions, or principal axes. We address these motional
modes through motionally sensitive Raman transitions driven in a counter-propagating configuration. In this
device, those beams are orthogonal to the axial direction, allowing access only to the two radial manifolds of
motional modes. Additionally, the surface electrode trap provides the ability to rotate the radial principal
axes [68], and so we rotate the axes so that the lower-frequency manifold of radial modes is more strongly
coupled to the laser drives. All of the experiments are thus performed on motional eigenmodes within this
lower-frequency manifold with either N = 3 or N = 4 ions.

The qubit states of '™'Yb" correspond to the hyperfine 2S;,5 “clock” transition with a splitting of
12.642 GHz and are driven by a pulsed 355-nm laser via a Raman transition detuned off the excited
2Py5. We choose the qubits as the following hyperfine states |t) := [0) = |?S;/s,F =0,mp =0) and
4y :=11) = |281/2, F =1,mp = 0). The radial motional modes decorate the qubit transition with first-order
red- and blue-sidebands ~ 27 x 2.2 MHz detuned from the transition. Driving these red- and blue-sideband
transitions independently corresponds to the Jaynes—Cummings (JC) and anti-Jaynes—Cummings (AJC)
interactions,

Q
HJC = % (&O’+ +&TU_) s

9]
Hpjc = % (ao— + dﬂu) , (54)

respectively. In the Lamb-Dicke regime, simultaneous red- and blue-sideband drives addressing ion j and
motional mode k realize a spin-dependent force Hamiltonian of the form [69, 70]

A () =

%Wkga((;‘s) (dke—i(6t+¢m) + dlei(ﬁﬁ-qﬂn)) , (55)
where () is the carrier transition Rabi frequency, and n;j is the ion j’s coupling strength to the mode k,
i.e. the Lamb-Dicke factor, and for these experiments we set the sideband Rabi frequency for any given
ion j and participating mode k to be 7;,Q = 2w x 16.66 kHz. ¢ is then the detuning from the motional
sideband, and ¢, and ¢,, are the spin and motional phases. Note that we use natural units where h =1, a
convention we maintain throughout the rest of the paper. For near resonant pulses, this interaction results
in the conditional displacement CD,,.,(a), see Eq. (4), with a determined by the pulse area, detuning,
and optical phase. These CD,,.» () gates can then be performed on any selected motional mode, with the
magnitude of the displacement proportional to the pulse area and the Lamb-Dicke factor, n; ;. The phase
of the displacement is set by the ¢, of the interaction, which in practice is set by the difference in phase
between the red- and blue-sideband drives.

In these experiments, we use ancillary qubits both for the conditional displacements and for several indirect
probes of the motional state, since there are no direct readouts of the motional state available in trapped-ion
systems. For clarity, we will refer to the qubit involved in the conditional displacement operations as the
“gate qubit,” and the ones that probe the motional characteristics as the “probe qubits.”

One method of readout is to perform a full characteristic function readout through mapping a series of
real and imaginary conditional displacements, measuring the qubit state, and extracting (Z) = Py — Py for
each displacement [71, 72]. Based on the probe qubit’s initial state, |1) or |+), this will either reveal the real
or the imaginary part, respectively, of the characteristic function, x. This method is resource intensive, but it
provides the ability to extract both Fock state occupancies and phase relationships. Alternatively, applying a
BSB gate of varying duration to the probe qubit can provide information on the Fock state occupancies [15],
see Fig. 9. Because the coupling of the Fock states increases as v/n + 1 with increasing Fock number n,
we can extract occupancies from a fit to a series of sinusoids with frequencies scaling as v/n + 1 [73], see
Section V A for more details. Both of these methodologies are amenable to postselection, whereby we remove
instances in which the gate qubit’s state was flipped during the conditional displacements. For all the data
presented here, postselection success was typically 80-90%.
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For the experiments described below, we use two different ion registers. For the single-mode case of the
trigonometric gates, we use a three-ion chain: the gate qubit is coupled to a particular mode, while the
probe qubit coupled to the same mode measures the Fock occupancy of that mode, see Fig. 5 (left panels).
If we assign the mode indices k with the highest-energy mode k := 0 (center-of-mass), then we operate this
particular gate on the & = 1 (tilt) mode using one of the two outer ions as the gate qubit and the other as
the probe qubit. In the case of the two-mode trigonometric gate, we use a four-ion chain, see Fig. 5 (right
panels). Here, we use the k¥ = 2 (drum) and k = 3 (zig-zag) modes as the modes of choice. In particular,
k = 2 has equal magnitude participation across all ions, while & = 3 is more strongly coupled to the two
center ions. The gate qubit for the two-mode gate is thus one of the two center ions. For readout, the other
center ion acts as the probe qubit for the k¥ = 3 mode, while one of the outer ions is the probe qubit for the
k = 2 mode.

In both register lengths, all non-center-of-mass modes are sideband cooled to near the vacuum state, with
a residual phonon number, 7 ~ 0.1. The center-of-mass mode is unused due to less efficient sideband cooling,
leading to 7 ~ 0.5. Motional dephasing is the predominant source of error, with measured coherence times
ranging from 500-700 us for various modes. While motional heating rates vary from mode to mode, non-
center-of-mass modes have rates < 100 quanta/s. For instance, in the four-ion register, the tilt (k = 1)
and zig-zag (k = 3) modes have rates ~ 10 quanta/s, while the drum (k = 2) mode heats more rapidly, at
~ 100 quanta/s.

) Rz(0) Rz(0)

[4) CDx (CDY)? CDx

FIG. 4: Circuit that approximates the action of the trigonometric operator e~ <5(¢¥) on a qumode state
|v)) up to order O(6?) using one ancillary gate qubit. The argument of the conditional displacement is
CDx = CDx (ic/(2v/2)). Throughout this work, qubits (qumodes) are shown as single (triple) wires.

B. Finite-step implementation of the cosine gate

We now describe how the ideal trigonometric evolution
UC(G) — €7i0 cos(c&) (56)

is synthesized from the native hybrid qubit—-qumode interactions available on the trapped-ion platform. The
construction uses conditional displacements of a motional mode together with single-qubit rotations of an
ancillary gate qubit. For a bosonic mode with annihilation operator a, we use the conditional displacement
of Eq. (4) with n- o = X [74-77],

CDx(a) = exp|[(ad’ — a*a) ® X], (57)

where X acts on the gate qubit. For a purely imaginary displacement, o = i\/v/2, this operation is
equivalently

A Sy
D z)\aﬁ®X7 58
X (\/i) € ( )

using

Q>

+

Q>
-

>
Il
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Such conditional displacements are generated directly by the spin-dependent-force interaction described in
Sec. IV A. We also use rotations of the gate qubit,

—i0Z/2
Rz(0) = e7102/2, (60)
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FIG. 5: Trapped ion radial-mode spectroscopy and mode participation. Top row: measured detection
probabilities for each qubit as a function of the lower-manifold radial-mode frequency for three-ion (left)
and four-ion (right) chains. The resonances identify the collective radial motional modes, labeled by mode
index and character. Bottom row: simulated Lamb-Dicke factors 7; ; for the modes used in the one-qumode
(three-ion) experiment, k = 1 (tilt), and the two-qumode experiment (four-ion), k¥ = 3 (zig-zag) and k = 2
(drum). Colored markers indicate the probe and gate qubits used in each implementation, and the gray
markers denote the remaining ions.
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FIG. 6: Wigner function of the Fock vacuum |0) evolved for one Trotter step using the circuit in Fig. 4,
after tracing out the qubit. The results are shown for different values of 6 at fixed ¢ = 2.

Using Trotterization, the trigonometric gates can be approximated in terms of elementary CV-DV oper-
ations [61, 62]. Within its regime of validity, the resulting circuit reproduces the action of the exact cosine
gate. The circuit that approximates the cosine gate up to corrections of order O(6?) is shown in Fig. 4 using
a single ancillary gate qubit. Here, we follow the convention of Ref. [62], which is unitarily equivalent to
the construction of Ref. [61]. See Appendix D for details. The circuit in Fig. 4 corresponds to the following
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FIG. 7: Wigner function of the Fock vacuum |0) evolved for N € {2,4, 8} Trotter steps using the circuit in
Fig. 4, after tracing out the qubit. The results are shown for fixed § = 3 and ¢ = 2.

CV-DV hybrid unitary

Ci(0,¢) =CDx (22\0/5) - Rz(0) - CDY, (Z\;Q)

-Rz(0) - CDx (12\0/5) : (61)

where the subscript denotes a first-order Trotter decomposition. Separating the qubit and qumode degrees
of freedom, we can write

Ci(0,¢) = G1(0,¢) 91+ Ga(0,¢) ® Z + B(0,¢) ® X, (62)
with
G1(0,¢) = cos? <g) — sin? <Z> cos(2ci)
=1+0(6%),
Go(0,¢) = —isin(f) cos(ci) (63)

—if cos(ct) + O(6?),

B(#,¢) = —isin® (Z) sin(2ci) = O(6?).

The operators é172 contain the desired leading-order contribution, while B represents the unwanted com-
ponent that first appears at order O(6?). In the following, we refer to CAJLQ and B as the “good” and “bad”
components of the circuit, respectively. The approximation can be systematically improved by increasing
the number of Trotter steps [78, 79]. For example, for two Trotter steps, we obtain

Ca(0,¢) = C2(0/2,¢)

o - o 64
=(G1+G5+B)®1+2G1G2® Z +2G1B ® X, (64

where the argument 6 of each bosonic operator is replaced by 6 — 6/2. After a large number of Trotter
steps, the circuit will asymptote to

N
Coo(0,¢) = lim ] Ci(6/N,c)

N—oc0

= cos(f cos(ct)) @ I — isin(f cos(ci)) ® Z +0® X
_ e—i& cos(c:i)@Z. (65)
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The number of conditional displacement gates CD x after N Trotter steps is #CDx = 2N + 1. More details
about the systematic improvement can be found in Appendix C.

The circuit performance can be improved by postselecting on the measurement outcome of the gate qubit:
if a qubit flip is observed, the corresponding run is discarded.

I Rz(9) Rz(9)
1) ==d CDx | (o) ’ [ CDx I—
s, [ CDx } (CD;) ’ [ CDx

FIG. 8: Circuit that approximates the action of the trigonometric operator e =% cos(c1#1+¢222) acting on the
two-qumode state |11) ® |12) up to corrections of order O(6?). The argument of the sequences conditional
displacement is CDx = CDx (ic;/(2v/2)), with ¢; = ¢1, ca.

If we focus on the single first-order Trotter step and initialize the qubit to the |1) state, the resulting state
can be written as

Ci(0,¢) [v) 1) = G ) 1) + Bv)|L) (66)

where [t)) is the initial state of the qumode and G = Gy + G,. Looking back at the results in Eq. (63), we
can write the good and bad components in terms of displacement operators

G1(0,¢) =
o (3322 (3 o ewie].

Ga(6,¢) = —%sin(ﬁ) [D <Z\;§) LDt (Zjiﬂ 7 (67)
B(6,¢) = f% sin? (g) [D(iv3e) - DT (iv3e)|

The density matrix of the oscillator state ) and qubit ¢ system after one Trotter step is

L (0,¢) = Cr(0,0) [w) 11) (1] (0] €16, ¢)

_ (Gl (IGT G ) vl BT (68)
Bly)wlG" Blv) (v| B!

Tracing out the qubit gives the mixed qumode state described by the following density matrix
A 0,0) =Ty |3, ] = G 1o) I GT+ B L) (vl B (69)
The Wigner function of this reduced state can be computed as

W (0:0,¢) = 2 T [0, )D(@) 1D (0)] (70)

with o = (z+ip)/v/2 and I = (—1)&T& the parity operator. Note that the superscript [N] labels the number
of Trotter steps and should not be confused with the perturbative order W) of Eq. (33).

In Fig. 6, we illustrate the Wigner function for the case where the state is initialized in the Fock vacuum,
|y = |0). The mana of the finite-step approximation is obtained by integrating the absolute value of
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FIG. 9: Qumode-readout circuit. After applying the hybrid trigonometric gate acting on the qumode and
gate qubit, the qumode is coupled to the probe qubit through a blue sideband gate, see Eq. (54), and the
probe qubit’s probability P|(t) is measured when the gate qubit remains in |1).

Eq. (70), and approaches the exact result of Sec. III as the number of steps is increased. In Fig. 7, we
show the Wigner function of the evolved vacuum for N € {2,4,8} Trotter steps at fixed § = 3 and ¢ = 2.
As expected, increasing the number of Trotter steps drives the state toward the exact result shown in the
rightmost panel of the lower row of Fig. 1.

If we initialize the mode to the zero Fock state |)) = |n = 0), the transition probabilities to other Fock
states are

Poyn = (0] p52(0,¢) In) = | (n| G [0) > + | (n| B|0) |2

| f0(0)dn,0 — f1(0,n))°  n even,

= 2)n 2 71
sin’ o (2¢) e 2 nodd, (71)
2 n!

with fo(6) = cos? (%) and

@) [, 0 e ef%
fl(H,n)—\/m sin” | 5 27%+Zbln(0)72% .

The structure of Eq. (71) reflects a useful parity property of the first-order circuit: G connects the
vacuum only to even Fock states, while B connects it only to odd Fock states. As a result, postselecting on
the qubit state |1) leaves the even transition probabilities unchanged, while removing the odd transitions.
The same parity-based interpretation extends to multiple Trotter steps, although the explicit form of the
transition probabilities becomes more involved. Equivalently, the bosonic component supported on the |1)
qubit state contains the parity-preserving contribution associated with the exact trigonometric gate, whereas
the component supported on the ||) qubit state contains the parity-violating contribution generated by the
finite-step approximation.

C. Two-mode implementation

We now extend the construction to trigonometric gates whose argument is a weighted sum of commut-
ing Hermitian operators. We focus on the minimal two-mode case, which is the relevant setting for the
experiments presented below. Specifically, we consider the gate

einCos(clirkcza?z) _ efz'G cos(c-&) (72)

- K
with ¢ = (¢1,c2) € R? and & = (21, #2) denoting two independent position quadratures. From Refs. [61, 62],
we obtain the circuit shown in Fig. 8. The extension to additional commuting quadratures is obtained by

applying the corresponding conditional displacements to each mode using the same control qubit. = The
circuit in Fig. 8, which approximates the cosine gate of a sum of two quadratures, can be analyzed in terms
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FIG. 10: Postselected transition probabilities as a function of § for the ¢ = 1 circuit Fig. 4 (and its higher
Trotter step variants) using Trotter steps of 1 (top left), 2 (top right), 4 (bottom left), and 8 (bottom right).
The data (diamonds) is plotted alongside the optimized simulations (lines with uncertainty bands). The
parameters that optimize the simulation are displayed at the top of each plot.

of the operators that compose it. In analogy with Eq. (61), we define the hybrid unitary

Cr2)(0,¢) =
E{CDXJ (120—\}5) - Ry(0) - li[lCDE{J. G%)
“R(6) -jli[ICDX,j <120—\;§) . (73)

This unitary can be decomposed as

61,(2)(970) =
él,(g) (0,c) @1+ ég,(g) (0,c)® Z + B(g)(a, c)® X,
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with
Gl,(2)(9ac)
= cos? <Z> — sin? (Z) cos(2¢c- 2) =1+ 0O(6?),

GA(2,(2) (07 C) (75)
= —isin(f) cos(c- &) = —ifl cos(c - &) + O(6?),

B(Q)(G,c) = —isin® (g) sin(2c- &) = 0(6?).

The interpretation is analogous to the one-mode case. For transitions out of the two-mode vacuum
|0); ® |0),, the ideal gate conserves the total parity rather than the parity of each individual mode. For
example, the transition |0); ®|0), — |1); ® |1), is allowed because the total parity is preserved, unlike in the
single-mode case where the transition from the vacuum to the first Fock state is forbidden by parity. Similarly
to the one-mode case, the total-parity-violating bosonic component B’(g) |0), |0), has support only on the ||)
qubit state. Postselecting on the |1) qubit state then removes contributions such as [0); ® [0), = |1); ®0),,
which violate total parity conservation.

V. EXPERIMENTAL CHARACTERIZATION

In this section, we discuss the qumode readout and the modeling of trapped ion device errors. We then
present experimental results for the trigonometric gates introduced above.

Lo v =0188(2), m=4.56(2) x 10 Lo 4= 01463(5), 7= 6.40(2) x 10>
) n=>0
n=1
0.8 0.8 "5
n=3
n=4
—~ 0.6 0.6
= =
& 04 & 04
0.2 0.2
0.0 —— 0.0 i
3m/2 2 T 3m/2 2w

FIG. 11: Postselected transition probabilities as a function of § for the ¢ = 2 (left) and ¢ = 3 (right),
Trotter one circuit Fig. 4. The width of the uncertainties of the simulations (lines) are too small to resolve.

A. Motional-state readout and noise model

We characterize the motional output states using two complementary measurements. Fock-state popu-
lations are reconstructed from blue-sideband (BSB) spectroscopy, while a phase-sensitive measurement of
the characteristic function is used for one representative single-mode output state. Because the motional
degrees of freedom are not measured directly, both protocols map properties of the oscillator state onto an
ancillary probe qubit. Details of the reconstruction procedures, statistical analysis, Hilbert-space truncation,
and numerical simulations are given in Appendix E.

For BSB spectroscopy, the probe qubit is initialized in |1) and coupled to the selected motional mode.
For a state with Fock populations P, the resulting qubit population contains oscillations at the number-
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dependent sideband frequencies o v/n + 1. Including an effective dephasing rate I' during the readout, we
model the measured signal as

A
1
P(t) ~ 3 1-— Z Pre " cos(nvn +1t) |, (76)
n=0

where 72 is the effective BSB coupling and A is the Fock-space cutoff used in the reconstruction. Fitting
the measured BSB trace to Eq. (76) yields the populations {P,,} shown below. We distinguish the readout-
dephasing parameter I' from the motional dephasing rate v accumulated during the trigonometric-gate circuit
itself.

The finite-step gate construction naturally supports heralding through the ancillary gate qubit. After the
gate sequence, shots in which the gate qubit is measured in ||} are discarded, and the motional observables
are reconstructed from the conditional |1) ensemble. The corresponding postselection probability is

Psuce = Tr[(Im @ [1) (1]) pout] , (77)

and is typically 50-90% depending on 6/N. All experimental Fock-state distributions reported below are
normalized within this postselected ensemble. The success probability is therefore a separate performance
metric and is not contained in the normalized population distributions.

To compare the measured populations with the finite-step circuit predictions, we include two leading
imperfections of the motional register: residual thermal occupation after sideband cooling and motional
phase noise accumulated during the circuit. The initial oscillator state is modeled as

oo _

pun(n) = 3 e ) (ol (78)

n=0

with the experimentally used non-center-of-mass modes cooled close to the vacuum. Motional dephasing
during the gate sequence is described by the effective Lindblad equation

dp , L1

= = ~HH®), ]+ [npn -3 {nQ,p}} : (79)
where H(t) follows the experimentally implemented sequence of conditional displacements and qubit rota-
tions. For two motional modes, the corresponding model contains independent terms of the form Eq. (79)
with parameters (71, g, v1,72). After propagating the full qubit—qumode density matrix, the same postse-
lection used experimentally is applied to the simulated state. The resulting conditional population is

(n, 1] p [, 1)
oM

PNl — (80)

where N denotes the number of finite steps. The thermal occupations and effective dephasing rates are
inferred by comparison with the reconstructed population data as described in Appendix E. Accordingly,
agreement with this model should be interpreted as showing that thermal initialization and motional de-
phasing provide a compact description of the dominant observed deviations from ideal evolution. This does
not amount to a parameter-free identification of a unique microscopic noise mechanism.

In addition to the population measurements, we reconstruct the characteristic function

X(8) = Tr [pmD()] (81)

for a representative output state using conditional-displacement interferometry. Unlike the Fock populations,
x(B) retains phase information and is therefore sensitive to small rotations of the implemented displacement
axis. This measurement provides an independent phase-sensitive characterization of the non-Gaussian struc-
ture generated by the gate and is discussed in Sec. V C.
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FIG. 12: Real part of the characteristic function x(8) = Tr[p,D(8)] of the postselected qumode state
obtained by applying the two-step Trotter approximation of the cosine gate, see Eq. (64), with § = 2
¢ = 2. Left: ideal simulation. Middle: simulation including qumode dephasing (y = 0.1884), displacement
miscalibration angle ¢ = —6° and thermal initialization (7 = 0.136). Right: Experimental reconstruction.

B. Single-mode gate characterization and Trotter convergence

Using the BSB readout of the qumodes, we reconstruct transition probabilities for the one- and two-
qumode circuits at several Fock levels n and Trotter steps N, and compare them to classical simulations
with fitted dephasing rates and initial thermal phonon occupations. The results for the one-qumode circuit
with parameter ¢ = 1 and Trotter steps N = 1, 2,4, 8 are shown in Fig. 10. Overall, we find good agreement
between the experimental data and the simulations. The agreement is strongest for the transition to the
lowest Fock level, corresponding to p(7i) — |0)(0|, which has the strongest signal overall, while transitions to
higher Fock levels can show somewhat larger deviations. The optimized values of the dephasing rate v and
thermal occupation 7 are obtained via a global fit to the four circuits, and are displayed at the top, with
~ given in units of the reciprocal of the physical CDx gate time. Each Trotter step comprises three CD x
gates, the second of which is twice the duration of the other two, so that a single step takes the equivalent
of four CDx gate times. The Rz gate in each step contributes negligibly to the circuit duration.

Data and simulations for the one-Trotter-step circuits with parameters ¢ = 2,3 are shown in Fig. 11.
The optimized parameters are again consistent with the experimental conditions. In this case, the circuit
structure is fixed while the gate strength is varied, so that the fitted dephasing rates are expected to be
more directly comparable. The fitted phonon occupations are also consistent with the one-qumode results
in Fig. 10. The fits are done for each individual circuit and achieve much stronger agreement. This gives
small uncertainties in the parameters and in turn small uncertainty bands on the simulation curves.

The marginal Fock-state distributions for the two-qumode circuit with ¢ =1 and N = 1, 2,4 Trotter steps
are shown in Fig. 13, together with the corresponding optimized simulations. The simulations generally
reproduce the measured distributions, including the nontrivial population transfer to higher Fock levels,
indicating that the error model captures the dominant features of the trapped-ion implementation.

C. Phase-space characterization

Finally, in Fig. 12 we show the characteristic function x(8) = Tr[p,D(5)] (related to the Wigner function
via Eq. (17)) of the qumode state obtained after postselecting the gate qubit in |1}, for two Trotter steps
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FIG. 13: Data for the transition probabilities P,(#) of the circuit in Fig. 8 (and its higher Trotter order
variants) for qumode 2 (left column) and qumode 3 (right column) on the QSCOUT platform, using one
(top row), two (middle row) and four (bottom row) Trotter steps. The optimal dephasing and the initial
phonon occupation of the corresponding mode are labeled atop the plots.
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as in Eq. (64) at 8 = 2, ¢ = 2. The left panel displays the ideal noiseless result (7 = 0, v = 0, ¢ = 0),
establishing the ideal target state structure. In the middle panel we consider the three dominant experimental
imperfections:

e Qumode dephasing at rate v = 0.1884, chosen as the one obtained from the fit in the left panel of
Fig. 11.

e Miscalibration of the conditional displacements CDy(a) — CDx(ce®). For a gate duration of ¢ ~
15 ps and an expected detuning of §/27 = 750-1500 Hz, the accumulated phase error —¢p = 4t is
roughly 0.07-0.14 rad, which matches the 4°-8° expectation represented in Fig. 12 with the middle
value p = —6°.

e A non-vanishing mean phonon occupation number measured as 7 = 0.136 due to an imperfect initial-
ization.

The resulting characteristic function is in good qualitative agreement with the experimentally reconstructed
one measured via the method described in [71] (right panel), confirming that qumode dephasing is the main
source of deviation from the ideal case, followed by smaller contributions from the imperfect initialization
and from the miscalibration of the conditional displacement’s argument. We quantify their consistency with
the measured characteristic function in Sec. V D.

D. Non-Gaussian resource of the implemented gate

The comparison of Fig. 12 is qualitative, and the three parameters entering it are fixed independently
of the characteristic-function data. We now use those data to test the noise model quantitatively and to
quantify the non-Gaussian resource of the implemented gate, using two independent and complementary
methods: a chi-squared fit of the open-system model to the data followed by a full-phase-space evaluation of
the fitted state (Sec. VD 1), and a direct Fourier reconstruction of the Wigner function from the measured
characteristic function itself (Sec. VD 2). The two methods agree within their combined uncertainties on
every quantity they share, which we take as an independent cross-validation of both the noise model and
the reconstruction procedure.

Two properties of the measurement simplify both analyses. First, the evolved state has definite total Fock
parity, TIII = p with IT the parity operator of Eq. (70), so that x(—3) = x(8) = x*(8) and the characteristic
function is real throughout. The single-quadrature measurement of Sec. V C is therefore complete. Second,
the 39 x 61 grid on Re(B8) € [—2.6,2.6], Im(8) € [—4, 4] provides 2379 measured values, each an average over
18 accepted scans of 100 shots, postselected on the gate qubit remaining in [1). The postselection success
rate for each grid point was 0.775 with a standard deviation of 0.010. One further scan was discarded because
acquisition was aborted early after a lengthy ion loss and reload process, an exclusion made on provenance,
not as a numerical outlier cut.

1. Model fit and full-phase-space resource

Since each measured value is a binomial proportion estimated from the N, shots surviving postselection,
we fit the open-system model of Sec. V to the data by minimizing

9 (XS — x5 (72, 5, )]
(A7, 0) = — :
¢ l
1 A2
0'? = 7]\/':([7 (82)
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TABLE II: Negative Wigner volume Ny of Eq. (26) and mana M of Eq. (25), evaluated over the full
phase space, for the simulated state at the externally fixed parameters of Fig. 12 and at the values fitted to
the measured characteristic function.

n 5 %) Nw M
external 0.136 0.188 —6.0° 0.0367 0.0707
fit: n fixed 0.136 0.192 —4.6° 0.0357 0.0689
fit: all free 0.147 0.189 —4.7° 0.0348 0.0673

with N, the measured -dependent number of postselected shots. This gives

7 = 0.147 £ 0.007,
~v = 0.189 = 0.004,
o= —4.7°+0.2°. (83)

The uncertainties are marginal Ax? = 1 intervals, obtained from the diagonal of 2H~! with H the Hessian
of Eq. (82) at the minimum, and scaled by 1/x2/dof to account for the residual systematic discussed below.
The parameters are only mildly correlated, the largest correlation being —0.40 between 7 and -y, and the
displacement-axis offset is essentially uncorrelated with the two damping parameters. The characteristic
function therefore determines ¢ independently, which the Fock-population measurements cannot do because
they are invariant under a rigid phase-space rotation, see Appendix E8. The fitted # and ~ lie within 8%
and 1% of their independently determined values, and ¢ falls inside the 4° to 8° range expected from the
residual sideband detuning, so that the measured characteristic function provides an independent, phase-
sensitive confirmation of the open-system model used throughout Sec. V. The remaining discrepancy is
small in absolute terms but exceeds the statistical resolution of the measurement, the weighted residual
at the optimum being x?/dof = 3.0, so a systematic not captured by the three-parameter error model is
present. The intervals in Eq. (83) should thus be considered lower bounds on the model uncertainty, and the
few-percent offsets from the independently determined parameters as consistency at the level of the model,
not of the statistical errors.

The negative Wigner volume and mana below are evaluated directly from the density matrix over the
full phase space: the damped, thermally mixed fitted/external states already converge by cutoff 30, but the
undamped reference states (i = v = 0) need cutoff > 60.

We take the midpoint of the three parameter prescriptions of Table II as the central value and half their
spread as the model uncertainty:

Npedel — 0,0357 + 0.0009,
M™edel — (9.0690 + 0.0017, (84)

to be compared with My = 0.2524 and M = 0.4087 for the ideal two-step circuit and ANy = 0.2456,
M = 0.3996 for the exact cosine gate. Motional dephasing and residual thermal occupation suppress the
mana of the implemented gate by roughly a factor of six relative to the ideal finite-step circuit, while leaving
it clearly nonzero. This conclusion is insensitive to the parameter uncertainties, the mana varying by only
2% across all fit variants. We note also that the finite-step circuit slightly exceeds the exact gate, consistent
with the additional phase-space structure visible in Fig. 6.

2. Direct Fourier reconstruction from the data

A direct determination of Ay from the measured characteristic function, without passing through the
open-system model, is a valuable independent check of Eq. (84). The characteristic function is available
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only over the finite rectangle Re(8) € [—2.6,2.6], Im(53) € [—4, 4], where |x| has fallen only to ~ 0.1 on the

boundary. A hard truncation of the inverse Fourier transform at this window produces sinc-like ringing that

inflates the apparent negative volume by 50-90% on simulated states whose answer is known, with the error

set by the window extent, not by the sampling, so refining the grid does not help. We therefore multiply the
measured characteristic function by the Gaussian apodization

214|2

Ga(9) = exp| -2 (55)

before applying the inverse transform.

Apodization calibration: We choose A = 0.20 as the nominal reconstruction width by a closure test
against the ideal, undamped two-step circuit: the windowed and full-phase-space Ny agree to < 0.1%
(0.25233 vs. 0.25239), a calibration that does not depend on the noise model being correct. As a robustness
check we additionally calibrate A directly against the noisy /physical-error-model state, solving for the width
at which the windowed reconstruction exactly reproduces that state’s known full-phase-space Ny, both with
the model’s externally fixed parameters (A* ~ 0.186) and with the values fitted in Sec. VD1 (A\* ~ 0.185),
which agree with each other to within 0.001.

Applying A = 0.20 to the experimental data gives the finite-window point estimate Ny = 0.0422. Statisti-
cal uncertainty is obtained by resampling the 18 accepted experimental scans as complete units, propagating
finite-shot fluctuations and scan-to-scan drift through calibration, Fourier reconstruction, and the nonlinear
negative-volume integral. Because noise can itself produce a small positive bias in the extracted negative vol-
ume, empirical residual maps are also added to the noisy theoretical characteristic function and propagated
through the same estimator at the same \. This gives a model-dependent bias of 0.0009, leading to

NEP = 0.0414 4 0.0038,1a1 + 0.008411, (86)

where the window uncertainty is the largest deviation of this same bias-corrected estimator, recomputed
at each endpoint, over A = 0.20 £ 0.05. The corresponding mana is M®P = 0.079 4 0.007sat £+ 0.016in-
Repeating the full procedure at the model-calibrated \* gives N&}(p = 0.043640.0039¢at £0.0084 iy, reported
as a comnsistency check, not the primary result, since calibrating the reconstruction against the same model
it is then compared to would make that comparison less independent.

The open-system model predicts Ny = 0.0367 over the full phase space at the externally fixed param-
eters (Table IT) and Ny = 0.0347 after the same A = 0.20 finite-window reconstruction. The extracted
experimental value, Eq. (86), is comparable to the combined statistical and finite-window sensitivity of this
model-windowed prediction and does not constitute significant tension. We regard the model-based full-
phase-space evaluation of Sec. VD 1 and the direct data-driven reconstruction as complementary analyses of
the same characteristic-function data, not independent measurements: the direct reconstruction’s calibration
and bias correction both rely on the same open-system model being tested. Their agreement is nonetheless
a useful internal consistency check, and the two together give a fuller picture than either alone. The model
fit supplies the controlled full-phase-space extrapolation, while the Fourier reconstruction shows what can
be extracted more directly from the measured characteristic function.

E. Two-mode gate characterization

For the two-qumode data, the BSB readout yields mode-resolved marginal Fock-state distributions, not
the full joint distribution. The measurement verifies population transfer into each addressed mode, but does
not directly measure correlations between the two modes. Nevertheless, the enhancement of odd Fock-level
populations in the two-mode case, compared with their suppression in the one-mode results of Fig. 10,
provides an indirect signature of the nontrivial two-mode dynamics shown in Fig. 13.
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VI. CONCLUSIONS AND OUTLOOK

We have experimentally realized and characterized a family of trigonometric continuous-variable gates of
the form

U(@, C) _ e*ie cos(c&) (87)
on trapped-ion motional modes, together with a multimode extension generated by
U12 (0) _ e—i@ COS(C1§21+02£%2). (88)

Using conditional displacements and an ancillary qubit, we implemented finite-step approximations to these
nonpolynomial interactions and observed their systematic evolution toward the ideal trigonometric dynamics
as the circuit depth was increased. Fock-state measurements resolve the characteristic parity structure and
population transfer of the one-mode gate, while the two-mode measurements are consistent with the predicted
coupled nonlinear evolution. Phase-sensitive characteristic-function measurements provide a complementary
characterization of the non-Gaussian motional state. Fitting the open-system model to those data and
evaluating the resource over the full phase space gives M = 0.0690, roughly a factor of six below the ideal
finite-step circuit yet still nonzero, and a direct Fourier reconstruction of the measured characteristic function
is consistent with that value.

Beyond the gate implementation, the trigonometric evolution reveals several qualitatively distinct mech-
anisms for generating Wigner negativity. Starting from the Gaussian vacuum, an arbitrarily weak cosine
phase produces a pure non-Gaussian state and necessarily generates Wigner negativity. Whether that neg-
ativity is perturbatively accessible depends on the spatial frequency, through the combination |9|ec2/ 4. For
0] < o (0)6’62/ 4 the first negative regions nucleate in the momentum tails at

1.1
~=In— 0
Pl g 160 (59)
leading to
2 1 2
M~ C(e) P22, P = - [111((050)) * ﬂ ’ %0)

so that at fixed ¢ the onset of Wigner negativity is beyond all algebraic orders in the gate strength. This
provides a concrete example in which the non-Gaussian character of the state is immediate while the asso-
ciated Wigner resource is invisible to any finite-order expansion about the Gaussian limit. In the resolved-
displacement linear-response regime (g (c)e’CQ/ 4 < 10| < 1, by contrast, the same lobes lie in the bulk of
the momentum distribution and the mana grows linearly, M ~ x(c)|f|, saturating the first-order bound
M < k(c)|0] + O(6?) that we establish for all c. The beyond-all-orders statement is therefore a fixed-c
statement, and the limits |§] — 0 and ¢ — oo do not commute. The third regime is governed by a differ-
ent mechanism. When the imprinted phase becomes rapidly oscillatory, the Wigner integral is controlled
by semiclassical stationary-phase structure. For nonlinear single-coordinate phase gates whose dominant
stationary regions are regular and nondegenerate,

M= %1n|0| +0(1). (91)

For the cosine gate, regular stationary regions coexist with fold caustics, whose integrated contribution is
subleading in this limit. The onset of the logarithmic behavior requires |0] > 32/c?, since the quadratic part
of the cosine generates a Gaussian unitary and contributes no negativity. The three regimes correspond to
distinct phase-space mechanisms: non-Gaussian resources evolve from tail-dominated nucleation, through
linear response saturating the first-order bound, to semiclassical stationary-phase growth. The dependence
on c¢ is strong but not monotonic. Increasing ¢ reduces the phase-space distance to the first Wigner-negative
regions and produces an extremely rapid, log-Gaussian increase of the accessible negativity, but only until
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¢ ~ 24/In(¢p(c)/|6]), beyond which the mana saturates at k(c)|f| — 4|0|/m and larger ¢ yields no further
gain at weak gate strength. At strong gate strength ¢ instead controls the onset of the semiclassical regime.

The experimental deviations from ideal evolution are well described by a compact open-system model
including residual thermal occupation and motional dephasing. The agreement should be interpreted as
evidence that these effects account for the principal imperfections observed in the present implementation, not
as a unique microscopic identification of the underlying noise. Similarly, the present two-mode measurements
yield mode-resolved populations but not the full joint Fock distribution. Measurements of joint parity, cross-
mode correlations, or the two-mode characteristic function would provide a more complete characterization
of the coupled multimode operation.

Trigonometric gates are especially natural for quantum problems whose Hamiltonians contain periodic
or compact degrees of freedom, including rotor models, sine-Gordon-type interactions, and compact lattice
gauge fields. In such settings, directly synthesizing periodic nonlinearities can avoid representing intrinsically
global phase-space structure through high-order polynomial approximations. Extending the present approach
to larger multimode registers, correlated phase-space measurements, and longer coherent gate sequences
would enable direct studies of nonlinear bosonic dynamics in regimes that are difficult to access with Gaussian
operations and polynomial nonlinearities alone.
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Supplementary Information

Appendix A: Weak-angle Wigner negativity: tail nucleation and linear response

In this Appendix we analyze the weak-angle limit of the Wigner negativity generated by
U(H,C) — e—i@cos(ci’) (Al)

acting on the vacuum. Particular care is required, because the small-6 expansion of the Wigner function is
nonuniform in momentum, and because the nature of that nonuniformity depends on the spatial frequency c.
We show that the weak-angle analysis yields two physically distinct regimes separated by [0] ~ Co(c)e_cz/ 4
derive a uniform formula valid across both, and obtain the corresponding asymptotics.

1. Tail resummation and the function H.

Setting n = 0 in Eq. (20), the exact Wigner function after application of the trigonometric gate is

Z e*(P*’“/z)ng(% sin(cz)) . (A2)

k=—o0

—x

W0($,p;9,c) = ‘

. . _ _ 2 _ 2 _1.2.2
Extracting the overall Gaussian, e~ (P=k¢/2)" = ¢=p" ghep—k~c™/4

W(] = anc Ga
G(z,p;0,c) = Z J (20 sin(cx)) eka_k202/4, (A3)

k€EZ

so that sgn Wy = sgn G exactly. The mana is
M—ln[/dmdeo@ =1In(142Nw), (A4)
with the negative volume
1 _ 52 —p?
Nw = —/dwe ’” / dpe™ (-Q). (A5)
T G<0
At any fixed (z,p) one may expand
1
Wo = Weae + 0OW D + 0(6%), Wepe = ;e*f*pz >0, (A6)

with, from Ju1(2) = £2/2 + O(z3),

_1-2

WO (z,p) = S sin(cz) [e—<p—c/2>2 _ e—(p+c/2>2} _ (AT)
On any fixed compact set the Wigner function is positive for sufficiently small 6, and since [ dz dp w =0
there is no ordinary O(6) contribution to the L; norm from any fixed region of phase space. The negativity
is instead controlled by where oW @) overwhelms Wiac, 1.€. by the ratio

oW @) .
VV[E/ = fsin(cx) ere’ /4 eiCP*CQM} , (A8)
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which grows exponentially in the momentum tails. Let s(xz) = sin(cz). For definiteness take 6s < 0 and
consider the p > 0 tail. The case 6s > 0 follows by p — —p. With ¢ = |fs| < 1 and nonnegative integer k,

k

Je(=2¢) = (-)F = [1+ 0] (A9)

so that, using ekeker—F¢*/4 — ¢k exp[—%k(k —1)], the combined tail variable is
(=¢ e’ /4 = |6 sin(cz)] eP=e /4, (A10)

Taking € — 0 and p — oo with ( fixed, the nonnegative-k terms resum to

exp [—Cjk(k— 1)] . (A11)

Terms with k& < 0 contribute (£2/¢)!¥l exp[—§|k|(|k| + 1)] and are suppressed by additional powers of &2.
The O(g?) corrections in Eq. (A9) shift ¢y by O(#?) and hence M by a relative O(621In(1/]6])), which is
negligible throughout. Equation (A1l) contains an infinite resummation of Bessel orders even though 6 is
arbitrarily small. Keeping only Jy and J1; is sufficient only in the linear-response regime identified below,
and never sufficient in the tail-nucleation regime. Because its coefficients decay as e=ck?/ 4 H,. is an entire
function of order zero, and by Hadamard’s theorem it possesses infinitely many zeros. We denote by (y(c)

its smallest positive zero, H.({p) = 0, and define
Ac = —CC()HIC(C()). (A12)

Numerical values are collected in Table I. For all ¢ studied here the zeros of smallest modulus are real
and positive. The series obeys a functional-differential equation that fixes most of the properties we need.
Differentiating Eq. (A11) term by term and shifting the summation index, using (j + 1)j = j(j — 1) + 27,
gives the pantograph equation

He(C) = —He (e‘CQ/QC) , H(0)=1, (A13)

equivalently H, = exp[—% (D?>—D)]e~¢ with D = ¢d;. Equations of this type are classical. For a contraction
factor exp(—c?/2) € (0,1) the asymptotic behavior is oscillatory, with a modulation periodic in In¢, see
Ref. [81]. This is the origin of the zeros of H.. Evaluating Eq. (A13) at (o,

A, = cCoH, (e—czﬂgo) >0, (A14)

where positivity holds because e=/ 2¢y < (o lies below the smallest positive zero, so that H.(¢y) < 0
follows. Equation (A13) is moreover form invariant under ¢ — e’/ 2(, so successive zeros are asymptotically
geometric with ratio /2. In the lobe variable of Sec. A 2 this is a spacing Au = ¢/2, which quantifies the
suppression of successive negative lobes and justifies retaining only the first. The two limiting behaviors of
Co(c) follow from the operator form. Writing D= Om ¢ exhibits H. as a Gaussian smoothing of e ZinlnZz,
with Z = Cec2/4, or explicitly

1 > 2 2
He(C) = o [mdu e W/ emE s U oog(Zsinu) . (A15)
Expanding the exponent to quadratic order in u shows that the integrand is sign-definite while Z < ¢=2,
so a sign change requires Z = O(c™2) and hence (o(c) = O(c™?) as ¢ — 0, with numerically (y(c)c? ~

0.66, 0.83, 0.90 at ¢ = 0.1, 0.2, 0.3. The first zero migrates to large argument as the generator becomes
effectively quadratic, which is one of the two mechanisms suppressing the mana in the Gaussian limit. The
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other, and the faster, is the theta-function factor in Eq. (A30), 95(0, e‘”2/c2) ~ 2~ /4 0. At large c,
by contrast, only the first two terms of Eq. (A1l) survive near { ~ 1, giving

—c?/2
Hol(Q) =1 C b 5= =,
—c?/2 R
Cole) =1+ & S—+0(e), A~ e (A16)

From Eq. (A10), the momentum at which the first negative lobe begins is

=P- éln | sin(cz)|, (A17)
with
c c? c
P, c) = % [m(COéI)) + 4} > /In Q’él), (A18)

the inequality following from the arithmetic—geometric mean and being saturated at ¢ = 24/In({y/|0|). The
negative tail lies at p > po(x) when dsin(cz) < 0 and at p < —pg(x) when dsin(cz) > 0. In either case there
is exactly one lobe per z at leading order, and no factor of two arises from the two signs of p. At fixed c,

|po(x)] ~ ! ln m (0 —0). (A19)

2. Uniform evaluation of the negative volume

Write |p| = po(x) + u with u > 0, so that ( = (pe®. Near the zero, H.(¢) = cCoH.(Co)u + O(u?) =
—A.u + O(u?), while for larger u the leading behavior of —H, is (pe“. Both limits are captured by the
interpolation

—H(Cpe™) ~ % (e —1), (A20)

which is exact to first order at w = 0 and has the correct exponential growth. The momentum integral then
evaluates in closed form,

/ du (ecu . 1) e_(p”+“)2 — .F(po,c),
0
\/> c? /4—cpo c
F(po,c) = 5 { erfc( po — 5) - erfc(po)} , (A21)
and therefore

2" Flpo(). ]
x [1+ O( (A22)

Equation (A22) is a single quadrature, uniformly valid throughout the weak-angle region. The structure of
F makes the regime dependence explicit. The integrand of Eq. (A21) has a saddle at

Uy = g — o, (A23)
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so that for py > ¢/2 the saddle lies outside the physical range and the integral is dominated by the edge
u = 0, i.e. by the immediate neighborhood of the first zero of H.., whereas for pg < ¢/2 the saddle lies inside
the negative lobe and the integral is dominated by a bulk region far from that zero. Since po(z) > P with
equality at the maxima of |sin(cx)|, the crossover occurs at

CO(C) C>| |

c=2P =4 o 0] = Co(c) e/, (A24)

This is the condition under which the truncation of Eq. (A20) to its linear term, and hence the entire
“first-lobe edge” picture, is legitimate.

3. Tail-nucleation regime: c < 2P

For pg > ¢/2, using the asymptotics of the complementary error function,

2
—pg

ce _
Flpo,e) = 5 [14+ 0] (425)
0
so that
2 o Po(2)?
Nw ~ —/ dre™™ 7) (A26)

As § — 0, P — oo and the integral is dominated by the maxima of |sin(cx)|,

1
o= DT g (A27)
c
Writing © = x,,, + 0 and using —In|sin(cz)| = 52 + O(0 ) one has pg = P+ £6% + O(6*) and p§ =
P? + Pcd? + O(6*). Retaining the Gaussian factor e~ = e~ Tme~2wmd—6" i full, Laplace’s method gives
2 671)0(30)2 67732 ™ 2y /.2
dre™® ~ 9 (07 —7m°A/c ) ,
/ ve po(z)? P2\ 1+Pc ? N
Pc
= A28
L+ Pc’ (A28)
where ¥ is the second Jacobi theta function and we used ), exp[—z2 )\ = 92(0,e=™ <) Hence the

refined result

M=

Ace P’ —r2A/c? ~1
1+§P2,/HP 90, ) [L+oP ). (A29)

Dropping the subleading 1/(1 4+ Pc) — 1/(Pc) corrections gives the leading closed form

M~ Clc P32~ P"
Cle) = —2\/; GoleVHLLGo(e)] 92 (0,7 /"), (A30)

where we used M = In(1 + 2Nyy) ~ 2Ny. Three distinct effects contribute at relative order P~1: the erfc
expansion in Eq. (A25), which enters at O(P~2), the curvature of H,. and of ¢ = (pe“, entering at relative
order 2—;0[1 + CoH” /H.], and the linear term e~2*m9 dropped in the naive Laplace evaluation, entering at

relative order (22, — 1)/(Pc). The last of these is resummed in Eq. (A29). Since P~ ~ ¢/In(1/0]) is only
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logarithmically small, these corrections are of order tens of percent at practical gate strengths, and Eq. (A30)
should be regarded as fixing the exponent, not the prefactor. A convenient way to display the asymptotics
is to plot In M + P? + 2InP — InC(c) instead of M itself. The leading exponential in Eq. (A30) is

o onf 4 [m(2) + 5T, o

M =o(|0]") for every fixed n > 0. (A32)

so that at fixed ¢

The weak-angle Wigner negativity is therefore not linear, quadratic, or described by any finite algebraic order
in #: it is a beyond-all-orders contribution associated with a phase-space region whose position itself diverges
as @ — 0. For ¢ # 0 and 0 # 0 the state |1)p) = e*?°°5(¢?) |0) is pure and non-Gaussian, so Hudson’s theorem
[82] requires a negative region. There is no contradiction with pointwise positivity because the negative
region escapes to |p| ~ ¢~ 1In(1/|0|), i.e. the limits & — 0 and |p| — oo do not commute. Equation (A32)
is, however, a statement at fixed c¢. Equation (A31) appears to say that increasing ¢ monotonically weakens
the log-Gaussian suppression, but P = ¢~ 11n({y/|f|) + ¢/4 is itself non-monotonic in ¢ and, by Eq. (A18),
attains its minimum exactly on the crossover line Eq. (A24). Past that line Eq. (A30) ceases to apply, and
the correct description is the one derived next.

4. Linear response and a first-order bound

For pg < ¢/2 the saddle Eq. (A23) lies well inside the negative lobe, erfc(py — ¢/2) — 2, and

Flporc) = e li-ero — f 05mlca)] (A33)
Go(c)

Substituting into Eq. (A22) and using Eq. (A12),

Ny — —f?"\l%(fo) |6] /dm e~ | sin(cz)|
2101

c—00 T

(A34)

This is ordinary linear response: when the negative set of Wy coincides at leading order with the negative
set of W) the constraint [ W) =0 gives My = (6] [W D) ||, and

M~k(e)|0], &)= |WD,. (A35)
The coefficient is available in closed form. From Eq. (A7),

[ v

while the Fourier series |sinu| = 2 — 2 > n>1 cos(2nu)/(4n* — 1) gives

o (r—c/2)® _ j~(p+e/2)?

N erf(%) , (A36)

B(e) = /dm e_x2|sin(cx)\
2 4 X e
_ﬁlﬂ_ﬂzéhﬂl]’

(A37)
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and therefore

k(c) = %B(C) erf(g)
~Len(5) 23 ]
—= % (A38)

The linear-response result is also the maximum attainable at first order. Since W,,. > 0 everywhere, on
the set where Wy < 0 one has Wy — Wyae < Wy < 0 and hence |[Wy| < |Wy — Wyace|, and moreover
{Wo < 0} C {Wy — Wyae < 0}. Because [(Wy — Wyae) = 0, the negative part of Wy — Wi, carries exactly
half of its L; norm, so

1 0
Niw < HIWo ~ Weaell, = Di(e) + 0(6%), (A39)

and since M = In(1 + 2Nyy) increases with Ny,
M(0,¢) < In[l + k(c)|0]] = k(c) 0] + O(6?) for all c. (A40)

Equation (A35) shows that the bound is saturated for ¢ > 2P, so k(c)|0] is attained, not only bounded. At
fixed weak 6, the maximum resource extractable by tuning c is therefore 4|0|/m, approached at ¢ ~ ¢y =
In(¢o(c)/|0]) and constant thereafter. In particular the two limits do not commute,

4
lim lim 0, lim lim — = —. (A41)

C—>009—>0m - 6—0 c—o0 |9| - ™

5. Numerical checks

For the representative value ¢ = 2 used in the main text, Eq. (A11l) becomes

e—6

MalQ) =1 - ¢+ (P -
2 6

Gt (A42)
with

Co(2) =1.078..., H,[Co(2)] = —0.856. .., (A43)
and (0, /4) = 1.087.. ., giving C(2) = 0.4. .. Hence

 In(1.078/6]) + 1

M~ 04P 327" P 5 ,

(A44)
valid for |0] < (o(2)e~! = 0.397, i.e. for P > ¢/2 = 1. For |0| approaching this value the linear-response
bound M < 1.06|6| takes over. Three independent numerical schemes were used. The first evaluates Eq. (A5)

directly, locating the zeros of G and factoring e~ P’ analytically so that double precision suffices even when
M ~ 107130, The second evaluates

Wo(z,p;0,c) =
67932

2T

by fast Fourier transform, making no use of the Bessel expansion or of any tail approximation, and integrates
|[Wo| over phase space. These two agree to four or five significant digits for [#] < 0.2, and both reproduce

/ dy eipy67y2/4672i0 sin(cz) sin(cy/2) (A45)
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[Wolli = 1 at 8 = 0 to thirteen digits. The third, used for Fig. 3, exploits the fact that in Eq. (30) the
momentum dependence enters only through z = 20sin(cz), so that

1 .
Woll, ;/dxe L(2),

/ dp |3 e~ kel2 gy ()
k

and a single tabulation of I. serves every gate strength. The negative part is accumulated directly rather
than as [I.(z) — v/7|/2, which would be a cancellation of nearly equal quantities at small z. Equation (A11)
itself suffers cancellation when evaluated in double precision below ¢ ~ 0.3. Extended precision was used
there, and all entries of Table I were checked against a 60-digit evaluation. The comparison with the analytic
results is shown in Fig. 3. At ¢ = 10 and |#] = 1073, for instance, the exact mana is 1.26 x 1073, in agreement
with Eq. (A35) to 0.3%, whereas Eq. (A30) would give 1.0 x 1075,

I.(2)

: (A46)

6. Generality of the mechanism

The derivation above used the Jacobi—Anger structure of the cosine gate, but the mechanism behind it
does not. Let U = e~ /(%) act on a pure Gaussian state of Wigner function Wi > 0, and write

w®
anc .

Wo = Weae + WD +0(0%), R= (A47)
Three properties hold for any such f. First, Wy, is strictly positive, so on any fixed compact set Wy > 0
once 6 is small enough. Second, [ dzdp WM = 0 by trace preservation, so no fixed region contributes to
[[Woll1 at order §. Third, if f is not quadratic the evolved state is pure and non-Gaussian, so Hudson’s
theorem [82] requires a negative region somewhere. It can only lie where 8|WW ()| > Wi, and recedes as
0 — 0. Because Wy, is Gaussian,

N S sup Wyge ~e PO (A48)
|R|>1/16]

up to algebraic prefactors, where P(#) is the phase-space distance at which |R)| first reaches 1/|6|, generalizing
Eq. (A18). The generator enters only through R, and whenever P — oo the negative volume is beyond all
algebraic orders in 6.

Only the rate depends on f. For the cosine gate R grows exponentially in the momentum tail, giving
P ~ ¢ 'In(1/|0]) and the log-Gaussian law of Eq. (A30). A polynomial generator grows algebraically
instead, and the suppression is stronger. For the cubic phase gate U = e—i08°/3 acting on the vacuum,
Eq. (A47) is elementary,

2
R(x,p) = 3p° = 22°p = p, (A49)

s0 P ~ |6]7'/3 and Ny is suppressed as exp[—O(|#|~2/3)]. This is the quantitative content of the remark in
Ref. [60] that the negativity generated by a weak cubic gate is too small to resolve numerically.

Appendix B: Large-angle stationary-phase asymptotics

In this Appendix we analyze the large-angle behavior of the Wigner logarithmic negativity generated by
a single-coordinate phase gate

U(9) = e~ 0@ (B1)
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acting on an arbitrary pure one-mode Gaussian state. We show that the scaling
1
M(0) = §1n|9\ +0(1) (B2)
arises generically when the Wigner integral is dominated by regular nondegenerate stationary points. This
result should not, however, be interpreted as a universal bound following from unitarity alone. Gaussian

phase gates provide an immediate counterexample, and more degenerate stationary-point structures require
a separate asymptotic analysis.

1. Wigner representation and stationary-phase scaling

The most general one-mode pure Gaussian state may be written in the position representation as

2\ /4
(o) = (22) " exp [ (o o — 20) + ipoa]. (®3)

with @ > 0. After the application of Eq. (B1), its Wigner function is

W(z,p;0) = K(z

~

/OO dy efayQ/2€iy[p7p0+2b(x7wg)]

xexp{z@[f(w—l—%)—f(ﬂc—%)}}, (B4)
K(z) = % 2? e 2a(z—0)”, (B5)

It is convenient to remove the momentum displacement and shear of the initial Gaussian by introducing
p=po — 2b(x — xq) + Ov. (B6)

The Jacobian is dx dp = |0] dx dv. For definiteness we take 6 > 0 below. Equation (B4) becomes

W(z,v;0) = K(x) /OO dy e*“y2/2ewq’(y;‘/”’“), (B7)
where
(I)(y;x,v):vy—&—f(x-i-%)—f(m—%). (B8)
The Wigner L1 norm is therefore
M :9/dxdv\W(x,v;9)|. (B9)
The stationary points of the y integral satisfy
0:<I>y:v+%{f’(m+%)+f’(m—g)]. (B10)

Since ®(y; z,v) is odd in y, every nonzero stationary point y, > 0 is accompanied by a stationary point —y..

Moreover,
EEHEREH e
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is odd in y. Consider first a regular phase-space region in which the relevant stationary points are isolated
and nondegenerate, ®,, (y.;z,v) # 0. For a single pair +y,, the standard stationary-phase expansion gives

27

W (z,v;0) = 2K (z)e” /2 | 1 _
0|(I>yy(y*;x7v)|

X COS {0@(y*;x, v) + %sgn ny(y*;xm)}
+0(073/%). (B12)

Thus the Wigner function in a regular stationary-phase region has amplitude O(#~'/2). The factor of 6 in
the phase-space measure in Eq. (B9) then implies a contribution of order V0 to the Wigner L; norm. More
explicitly, on a regular region R containing one stationary pair and bounded away from caustics, rapid phase
oscillations give (| cos p|), = 2/m, and therefore

6/ dz dv |[W| = Cr V0 + o(V0), (B13)

Cr da dv K (2) . (B14)

_ 42 / e—ay2/2
|[Dyy (Y5 7, )

The phase averaging in Eq. (B13) follows, for example, whenever the stationary phase varies continuously
across R. Indeed, evaluated on the stationary manifold, 9, ®(y.;x,v) = y«, so the phase is nonconstant on
any regular region with y, # 0. Using the stationary-point condition,

=4l ) -3 s

one also has [0v/0y.| = | @y, (y«; x,v)|. When the stationary branch is one-to-one, Eq. (B14) may therefore
equivalently be written as

4v27r (z)e —ay?/2

Cr = dm dy. K

|q)yy(y*333av)‘- (B16)

If several stationary-point pairs contribute, the leading expression is instead

2 —ay2/2
W(z,v;0) ~ 2K (x) il B —
@y (5532, 0)]
x cos [0 (y;3 2, v) + 7 sgn @y, (y;i2.v)] (B17)

The overall /2 scaling remains unchanged, but the coefficient multiplying v/ in the integrated L; norm
depends on interference between the different stationary branches. Consequently, stationary-phase analysis
fixes the generic exponent but not a universal prefactor.

2. Caustics and the uniform scaling near y =0

Special care is required near degenerate stationary points. In particular, y = 0 becomes stationary along

ve(x) = —f'(x), (B18)

where ®,,(0;x,v.) = 0. The fact that this caustic is lower-dimensional is not by itself sufficient to con-
clude that it is asymptotically negligible. Its neighborhood must be treated with a uniform approximation.
Expanding Eq. (B8) about y = 0 gives

ayia0) = o+ @y + L7+ 00). (B19)
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When f"(z) # 0 the degeneracy is a generic fold caustic. With dv = v + f/(z), the corresponding uniform
integral has Airy scaling,

Wiow = O(0~1/3) A (92/3&;) , (B20)

where A is an Airy-type scaling function whose precise normalization depends on f”/(z) and on the Gaussian
amplitude. The width of the caustic layer in the rescaled momentum variable is then Av = 0(9*2/ 3), and
its contribution to the Wigner L; norm scales as

0 Av |[Wioa| = 0 x O(072/3) x 0(6~1/3) = 0(1). (B21)

Thus generic fold caustics are subleading compared with the O(\/@) contribution from regular stationary-
phase regions. If f"”/(x) = 0 at a degenerate stationary point, the Airy approximation does not apply.
Higher-order catastrophes must then be analyzed separately, and no universal large-§ exponent can be
inferred without specifying the corresponding degeneracy.

3. Conditions for square-root growth
The preceding analysis gives a controlled statement of the large- behavior. Suppose that the following
conditions hold.
1. f is sufficiently smooth and independent of 6.

2. The stationary points contributing within the Gaussian envelope are isolated regular branches except
for generic fold caustics.

3. The sum over stationary branches is finite or absolutely convergent after inclusion of the Gaussian
factor e~ /2,

4. The phase-averaged leading stationary contribution is nonzero on a phase-space region of nonzero
measure.

Then the regular stationary regions provide a nonzero contribution proportional to v/, while generic fold-
caustic and nonstationary regions are subleading. Consequently,

MO = 0(VE), 6 — o, (B22)

or equivalently
1
M(0) = §1n0+0(1). (B23)

If only the regularity assumptions required for the stationary-phase upper estimate are imposed, one obtains
the weaker statement

MO = 0(Vh), M(0) < =Inb+0(1), (B24)

1
2
within this class of phase functions. Equation (B24) is a statement about the specified stationary-phase class
and is not a general consequence of unitarity. The qualification above is essential. If

f(x) = ax® + Bz +, (B25)

then U(0) is a Gaussian unitary for every 6. Acting on a Gaussian input, it produces another Gaussian state
with an everywhere nonnegative Wigner function. Hence

eM=1, M=0 (B26)
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for all #. Thus neither unitarity nor dependence on a single phase-space coordinate alone implies M ~
%ln 6. The square-root law instead characterizes a broad class of genuinely nonlinear single-coordinate
phase gates whose semiclassical Wigner integrals possess regular stationary manifolds of nonzero measure.
The stationary-phase estimates above are controlled by a large phase, not simply by # > 1. Decomposing
the generator,

0f(z) =0 [f(0)+ f'(0)z+ % f"(0)z*] + 05f(x), (B27)

the bracketed part generates a Gaussian unitary and contributes nothing to the Wigner negativity of a
Gaussian input, by Eq. (B26). The relevant large parameter is therefore the size of 6 f over the support of
the input state. For f(z) = cos(cz) the leading non-Gaussian term is fctx?/24, and with (z*) = 3/4 for the
vacuum this gives the validity condition

6] > e (B28)
This is confirmed numerically: at ¢ = 3,5, 10 the offset M — 1 In |f] has already settled by |6| ~ 10, whereas
at ¢ = 1 it is still drifting at || = 10? and at ¢ = 0.5 convergence is not reached until |§| > 103, in each

case consistent with Eq. (B28). The exponent % is reproduced for every ¢ examined. Only the onset of the
asymptotic regime, and the constant I(c), depend on the spatial frequency.

4. Application to the cosine gate

For the gate considered in the main text, f(xz) = cos(cz), the phase in Eq. (B8) simplifies to

O(y; x,v) = vy — 2sin(cz) sin (%) . (B29)
The stationary-point equation is
v = csin(cx) cos (%) ) (B30)
and
2 . . [cy
oy = > sin(cz) sin (?) . (B31)

Thus regular stationary regions with sin(cx)sin(cy/2) # 0 are present for any ¢ # 0. The corresponding
caustics occur at

2
Yn = ?, vy, = (=1)"esin(cx), (B32)
for integer n. At these points,
3 .
Lyyy(yn) = 7 (=1)" sin(cz). (B33)

Except at the discrete values sin(cz) = 0, these are generic fold caustics and obey the Airy scaling discussed
above. Furthermore, the Gaussian factor

2 2,2
e~ /2 — exp (- a;” ) (B34)

exponentially suppresses distant stationary branches. The stationary-phase analysis therefore explains the
square-root large-angle behavior observed for the cosine gate,

eM ~ I(e)V, (B35)
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when the regular stationary contribution dominates and Eq. (B28) is satisfied. The coefficient I(c) is not
universal: it depends on ¢, the Gaussian input, and the phase-averaged interference among the contributing
stationary branches. The momentum dependence in Eq. (A2) enters only through z = 26sin(cz), so the
reduction Eq. (A46) together with the large—z scaling I.(z) = G.+/|z| gives

(c) / dze ™ V] sin(ex)|, (B36)

with G, = lim,_,o I.(2)/+/|#| obtained from the Debye form of Ji(z). Table I lists the result. At large ¢
the Gaussians in Eq. (A46) decouple and Eq. (B36) can be evaluated in closed form,

Ie 1287

—_— =1.3130 B37
already attained by the ¢ = 10 entry. Consequently,
1
M = 51n9+1n[(c)—|—0(1). (B38)

Equations (B35) and (B38) describe the large-angle semiclassical regime of the nonlinear cosine phase gate.
They do not constitute a unitarity bound on arbitrary one-mode operations. In particular, Gaussian phase
gates have identically zero Wigner logarithmic negativity, while nongeneric higher-order stationary-point
degeneracies can require different asymptotic treatments.

Appendix C: Finite-step convergence of the hybrid gate construction

We consider the operator C1(6,¢) = G1 @ I+ Go ® Z + B® X as in Eq. (62). Given that all the
bosonic operators commute with each other, the N-th power is found to have the same structure C{¥ =
AN RI+ Zny ® Z + Xy ® X. The coefficients follow the recurrence relation

ANi1 G1 G2 B AN
Iy | = | G2 Gy 0 Zn | - (C1)
XN+1 B 0 Gl XN
Since G and B are anti-Hermitian, their squares are negative semi-definite. We define the positive semi-
definite Hermitian operator R = 1/ —(G2 4 B2?). Diagonalizing the coefficient matrix yields the closed-form
coeflicients
17 - . . .
Ay =3 [(G1 RN + (G — iR)N] : (C2)
GQ A A . O\N
Zy = [(G1 +iR)N — (G —iR) ] : (C3)
2R
_ b -O\N _ A o S\ N
Xv=o= [(G1 FiR)N — (G1 —iR) } . (C4)

To verify the limit § — /N as N — oo, we note G =1, Gy — fi% cos(ci), B — 0, and thus R —

—]f, cos(ct). It follows that
1+'£ (A) N+ 1f‘£ (”)
1— cos(cZ i— cos(ct

— cos(f cos(ci)),

<1 + z% cos(cfc)>N _ <1 _ z% cos(ci:))N]

— —isin(f cos(ci)),
Xy — 0. .

AN*)i

-1
N
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Consequently, the operator converges to the trigonometric gate

CN — cos(fcos(c)) @ T —isin(f cos(ci)) ® Z
= exp(—if cos(ct) ® Z). (C6)

Appendix D: Equivalence of the ancilla constructions

Here, we briefly show how the two-ancilla gate qubit construction of the trigonometric gates presented in
Ref. [61] is related to the single-ancilla construction of Ref. [62]. The two-ancilla construction is based on
the following structure of hybrid qubit-qumode unitaries

¥ = cos(A) ® oy +sin(A) @ o,

_ ) A (D1)
Yij = cos(A) ® 0; —sin(A) ® 0,

that can be exponentiated by exploiting a qubit-ancilla based method to approximate continuous-variable
trigonometric gates of the form

[SIEY

efi%Eijefi fij _ efwcos(fi)(@ai + 0(02)’

_ . D2
efigzijeigzij _ efiGSin(A)®aj + 0(02)’ ( )

with A any Hermitian operator. The method described in Ref. [61] exploits two ancilla gate qubits for the
trigonometric gates construction. However, the final circuit can be unitarily reduced to requiring solely a
single ancilla gate qubit [62]. Without loss of generality, we work with X, = X, which corresponds to the
same choice of both Refs. [61, 62]. The ancilla-based exponentiation of Ref. [61] exactly provides the hybrid
gate e""02®%v a5 opposed to simply e **®%  The latter being created using the circuit in Ref. [62]. It is
clear that there exists a unitary transformation V' such that

Ve—i@z@zbvf _ e—i@E@Hb ) (D3)

For our choice, it is V' = CNOT}_,,, where a labels the ancilla gate qubit in 3. Note that this is an operator
identity. The secondary gate qubit b decouples exactly, and it is not projected onto its eigenstate.

Appendix E: Experimental readout and modeling details

In this Appendix we provide details of the motional-state reconstruction, postselection procedure, and
open-system modeling used in the experimental analysis. We distinguish throughout between two physi-
cally separate dephasing processes. The parameter I' denotes decoherence during the blue-sideband (BSB)
spectroscopy used to reconstruct Fock-state populations, whereas + denotes motional dephasing during im-
plementation of the trigonometric-gate circuit itself. The former enters only the measurement model, while
the latter enters the simulated quantum channel describing the gate sequence.

1. Blue-sideband reconstruction of Fock-state populations

The motional state is not measured directly. Instead, the Fock-state populations are mapped onto the
dynamics of an ancillary probe qubit through a blue-sideband interaction. Denoting the motional state after
the trigonometric-gate circuit by pp (), the probe qubit is initialized in |1) and coupled to the selected
motional mode through the blue-sideband Hamiltonian

nQd

Hpsp = 7 (&0'_ + dTU+) s (El)
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where 7 is the Lamb—Dicke factor of the probe ion for the addressed mode and €2 is the carrier Rabi frequency.
For a motional state diagonal in the Fock basis,

=" Puln) (nl., (E2)
n=0

ideal BSB evolution produces a superposition of oscillations with frequencies proportional to v/n + 1. The
resulting probe-qubit population is

PfO) (t) = % [1 - i P, cos(nQv/n + 1t) (E3)
n=0

Thus the amplitudes of the distinct BSB frequency components encode the Fock-state populations P,. To
account for decoherence during the BSB interrogation, we model the readout dynamics using a dephased
sideband oscillation. With the convention used here, the exact single-frequency contribution is

Py( [1 - Z Phe~ <c05 (Qnt) + ﬁr mn(ﬁnt))

n

where

Qn = V22 (n+1) — T2, (E5)

In the experimentally relevant weak-readout-dephasing regime, I' < 7€, this reduces to

P ( [1 — ZP e T cos nQ\/n—l— t)

+0 <e“771;2> . (E6)

We use Eq. (E6) to reconstruct the motional populations. For the single-mode measurements, the BSB evo-
lution time is sampled at 101 uniformly spaced points between 0 and 300 us. For the two-mode experiments,
each addressed mode is sampled independently over a window containing approximately eight BSB oscil-
lations, again using 101 points. The effective sideband coupling is close to n§2/27 ~ 16.7-17.5kHz for the
measurements reported here. The fitted readout-dephasing rates remain small compared with 72, validating
the use of Eq. (E6).

2. Population reconstruction and statistical uncertainties

For each value of the gate parameter 6, the measured BSB trace is fit to Eq. (E6). We retain reconstructed
populations {P,}, ¢ with n.., = 20, and impose the physical constraints

P, >0, Z P, =1. (ET)

The readout-dephasing rate I' and effective BSB coupling 7€) are included as nuisance parameters in the
reconstruction. For measured BSB times ¢y, we minimize the weighted least-squares objective

Z we [Py data(te) — PL,model(té)f

¢
Lpsp = )

D> we
¢

1
9y
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For binomial qubit readout, the statistical uncertainty is estimated from

— \/PJ,,data(té) [1]\; Pi,data<t5)] 7 (E9)

where IV} is the number of experimental shots surviving postselection on the gate qubit. The reconstructed
populations and their uncertainties are obtained from the local covariance of the constrained fit. We addi-
tionally verify that the inferred low-lying populations are stable against increasing the Fock cutoff used in
the forward model. Unless otherwise stated, a Hilbert-space cutoff A = 40 is used for single-mode classical
simulations. The two-mode simulations use A = 15 per mode for computational efficiency. Convergence
of the reported low-lying marginal populations is checked against changes of this cutoff. For the ¢ = 1
single-mode data, 1200 shots per BSB time and value of 6 were collected for the one-, two-, and four-step
circuits, and 1000 shots for the eight-step circuit. The ¢ = 2 and ¢ = 3 single-step data and the two-mode
measurements use 200 experimental shots per BSB time and value of 8. In all cases, the quoted experimental
Fock-state probabilities refer to the postselected ensemble.

3. Postselection

The gate qubit provides a natural herald for finite-step errors in the hybrid implementation. Let pout
denote the joint state of the motional register and gate qubit after the circuit. The probability for successful
postselection is

Dsuce = Tr [(Hm & |T> <T|) pout] , (EIO)
and the normalized postselected motional state is

p(T) _ (t pout |1) (E11)

m .
psucc

Experimentally, the postselection probability is typically 0.8-0.9 over the parameter range studied. All
experimental Fock-state distributions shown in the main text are conditioned on this successful outcome.
The same projection and renormalization are applied to the numerical simulations, so that experiment and
theory are compared on the same conditional ensemble. The success probability is nevertheless a separate
performance metric and is not absorbed into the normalized Fock-state distributions.

4. Thermal initialization

Residual motional excitation after sideband cooling is modeled by a thermal state,

pen () = 7;) G‘JLW n) (n|
=(1- efﬁw) Z e~ ) (n], (E12)
n=0

with 7 = (e — 1)~1 and purity Tr[p?] = (27 + 1)~!. The non-center-of-mass radial modes used in the
experiment are cooled close to the vacuum, with typical residual occupations of order n ~ 0.1. Instead of
assuming perfect vacuum initialization, the open-system comparisons retain n explicitly. For the single-mode
simulation the initial qubit—qumode state is

pin = pen(n) ® [1) (1, (E13)
and for the two-mode experiment,

P2 = pun (A1) ® pn (72) @ 1) (1] (E14)
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5. Open-system model for motional dephasing

The dominant dynamical imperfection included in the circuit model is motional dephasing. The inde-
pendently measured motional coherence times of the addressed radial modes are approximately 500-700 us.
Heating rates are substantially slower: representative values are of order 10 quanta/s for the zig-zag mode
and 100 quanta/s for the drum mode. Over the circuit durations used here, the corresponding increase in
mean occupation is small compared with the effects of motional phase noise, and heating is therefore ne-
glected in the minimal model. The evolution during each motional gate is described by the Lindblad master
equation

% = —i[H(t),p] + {fzpﬁ - % {n?, p}] , n=ala. (E15)

This channel suppresses Fock-basis coherences according to

Prm (t) X exp [—r;t(n - m)z] Prm (0) (E16)

in the absence of the driven Hamiltonian. Physically, the model represents phase diffusion caused by fluctu-
ations of the motional-mode frequency. Such fluctuations generate stochastic relative phases between Fock
states and are consistent with the measured finite motional coherence times. The Lindblad operator 7 is,
however, an effective description: agreement with this model establishes consistency with motional dephasing
as an important error mechanism, but does not by itself uniquely identify the microscopic noise spectrum.
The conditional-displacement portions of the circuit are simulated by integrating Eq. (E15) with the corre-
sponding spin-dependent-force Hamiltonian. In dimensionless units, the two directions of the displacement
may be represented by

H o=-3i®X, H_=+i®X, (E17)

with the integration times chosen to reproduce the required displacement amplitudes. Qubit-only rotations
are much faster than the motional gates and their contribution to the total dephasing time is neglected. We
denote the resulting noisy quantum channel corresponding to an N-step implementation by 91(\7), so that for
the input state in Eq. (E13),

Pt = G [pin] - (E18)

The conditional Fock-state distribution compared with experiment is then

N] (9’ i,y ‘ T) A<n T| pout |TL T> ) (E].g)

Z Al 1)

The denominator is precisely the simulated postselection probability.

6. Two-mode open-system simulation

For the two-mode circuit, independent thermal occupations and effective dephasing rates are retained for
the two addressed motional modes. The master equation becomes

dp

% — i+ Y oy — 5 {020} (520)

j=1
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Starting from Eq. (E14), the final state is denoted

pht® =007 [o2)] - (E21)

Because the experimental BSB measurements interrogate the two modes separately, the reconstructed quan-
tities are the mode-resolved marginals, not the full joint Fock distribution. For mode 1,

T [(jmn) {m| @ ® [1) (11) o]
T (1 ® 1) (1)) )]

PNl —

ni

(E22)

with the expression for mode 2 obtained by interchanging the two modes. Consequently, these measurements
characterize population transfer within each mode but do not by themselves determine intermode correlations
or the joint distribution P, ,,. The ordering of the conditional-displacement operations in the physical two-
mode sequence can lead to different effective exposure of the two modes to dephasing. The corresponding
asymmetry between their marginal distributions is included automatically in the time-resolved open-system
simulation and disappears in the noiseless limit.

7. Inference of circuit-noise parameters

The comparison between the reconstructed experimental populations and the open-system simulation
constitutes a second fitting stage, distinct from the BSB reconstruction described in Sec. E2. For a set of
experimental probabilities Pyata,¢ With standard errors o,, we minimize

Z [Pdata,f - Psim,f()‘)]2
0.2
7 ¢
Ecirc(A) = 1 ’ (E23)
2

L

where A = (n,y) for the single-mode data and A = (721, 2, 1,72) for the two-mode model. Where several
circuits are described by a common experimental configuration, shared parameters are fit globally. In particu-
lar, the ¢ = 1 single-mode measurements at Trotter depths N = 1,2, 4, 8 are described using common thermal
and dephasing parameters. For data sets analyzed with independent fits, the fitted parameters provide an
effective phenomenological description of that particular experimental sequence. They do not independently
measure the underlying noise rate. At each optimum we verify local stability by evaluating the Hessian of
Leire and checking that the fitted solution is a local minimum within numerical precision. Uncertainty bands
shown for simulated populations are obtained by propagating the covariance of the fitted parameters through
the open-system calculation. Because the noise parameters are optimized against the same populations they
are compared with, the agreement shows that a minimal thermal-plus-dephasing model suffices to account
for the principal deviations from the ideal circuit, not that no other noise mechanisms are present.

8. Displacement-axis calibration errors

A small error in the motional-mode frequency produces a phase-space rotation of the implemented condi-
tional displacement. If the displacement axis is miscalibrated by an angle ¢, then

CD,(a) — CD,(ae™). (E24)

For a constant phase rotation common to the sequence, this is equivalent to conjugating the ideal oscillator
circuit by R(p) = €™, so that

Cn(p) = RT(p)CnR(). (E25)
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Since R(p) |n) = €i™¥ |n), the corresponding Fock-basis matrix elements obey
(m|Cn () [n) = €' "™% (m|C [n) (E26)
and therefore
[(m|C () Im)|* = [(m|Cw )|, (E27)

so that a rigid phase-space rotation cannot be inferred from Fock-state transition probabilities alone. Phase-
sensitive observables do respond to this calibration error. The Wigner and characteristic functions transform
as

W(a) — W(ae?), x(8) — x(Be'). (E28)

This effect is included when comparing the experimentally reconstructed characteristic function with the
theoretical prediction. For the characteristic-function measurement discussed in the main text, the expected
displacement-angle error follows from

P = _6tCD7 (E29)

where 0 is the residual sideband detuning and ¢cp is the physical displacement-gate duration. The experi-
mentally relevant detunings and gate durations correspond to phase rotations of several degrees, consistent
with the rotation required to align the measured and simulated phase-space structures.

9. Characteristic-function measurement

In addition to BSB spectroscopy, we characterize one representative output state through its characteristic
function

x(8) = Tt [pDD(B)] (E30)

The characteristic function is mapped onto an ancillary probe qubit using conditional displacements. By
choosing the initial probe-qubit state and the phase of the analysis pulse, the real and imaginary components
of x(B) can be accessed from the measured qubit polarization. The measurement is repeated over a grid
of complex displacements S to reconstruct the phase-space structure of the postselected motional state.
Uunlike Fock-state populations, x () retains phase information and so is sensitive to a global rotation of
the displacement axis. For this reason, the comparison with open-system simulation includes the rotation
in Eq. (E28), in addition to thermal initialization and motional dephasing. The resulting comparison is a
phase-sensitive consistency check of the error model, not an independent determination of its parameters.

10. Numerical implementation and convergence

All classical calculations reported in this work are performed using QuantumToolbox.jl [83] in Julia
[84]. The open-system dynamics are evaluated in a truncated Fock basis. The single-mode calculations
use a default cutoff A = 40, while the two-mode calculations use a reduced cutoff A = 15 per mode.
For all reported observables, the truncation is chosen sufficiently above the experimentally occupied Fock
levels that increasing the cutoff does not change the displayed low-energy populations within their quoted
uncertainties. The finite-step circuits are simulated using the same ordering and physical durations of the
conditional-displacement operations as in the experiment. In the presence of dephasing, two circuits that are
algebraically equivalent in the noiseless limit need not experience identical open-system evolution when their
gate ordering or duration differs. Postselection is performed only after propagation of the full qubit—-qumode
density matrix, according to Eq. (E11).
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